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Abstract. Let p be a finite dimensional faithful representation 
of a semisimple algebraic group G. By means of a deformation ar- 
gument we show that there exists a family of abelian varieties over 
a smooth projective curve S'/F^'^ with €-adic monodromy group 
covering G and £-adic monodromy representation containing p. 
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1. Introduction 



Recall that a complex abelian variety y/C has a period lattice TY 
which one might introduce to be the kernel of the universal covering 
map exp : Lie Y Y. As TY is discrete and cocompact in Lie Y 
this means that the M- vector space M ® TY, being Lie Y, has in fact a 
C-structure, consequently we obtain a subgroup 



which just arises by multiplying elements in Lie^ by elements in C^. 
Now there exists a smallest Q-algebraic subgroup H C GL(V"y/Q), 
where VY = Q ® TY, whose group of M-valued points contains the 
above subgroup C^, here we write GL{VY/Q) for the Q-algebraic 
group whose Q-points are GLq{Q ® VY) = set of Q-linear bijections 
on Q ® VY. This connected, reductive subgroup is called the Hodge 
group, it measures the individuality of Y, for example H is abelian if 
and only if there is a semisimple commutative subalgebra in End°(y) 
that has degree 2dimy/C = dimQ^F, i.e. if and only if Y "has 
complex multiplication". It is folklore that the subgroup ([1]) gives a 
cocharacter /x : Gm H x C, which in GLc(C TY) is conjugated to 
z I—)- {z, . . . , z,l, . . . ,1), moreover there is no Q-simple factor of H in 
which fi is trivial. 

The significance of the Hodge group stems from its relation to the 
monodromy group of a family of complex abelian varieties: Let Y be 
an abelian scheme over a smooth connected complex algebraic variety 
S/C Let ^ be a base point on S and let Y^/C be the fibre over ^. As 
y is a fibration there is an operation of 7ri(S', ^) on TY^ and VY^. One 
simply defines the monodromy group of Y to be the Zariski closure 
of the image of 7ri(S', ^). By results of Y. Andre [H Lemma 4/Theorem 
1] there is a pathwise connected subset S° C S with meagre comple- 
ment such that: 

• the Hodge group of Y^ is locally constant on 5*°, 

• for all ^ G 5° the neutral component of the monodromy 
group is a normal subgroup of H^'^'^, 

where the first statement has to be interpreted by locally trivializing 
the locally constant sheaf VY^, of course is locally constant with no 
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restriction whatsoever. In addition we have a natural map: 

p^:G^^ GUVY^/Q), 

which we want to call the monodromy representation. The whole sce- 
nario puts very strong limitations on the structure of the groups 
and G^, leading to Deligne's well-known Ai, Bi, Ci, Df, Df^ classifica- 
tion. 

The purpose of this work is to show that over bases of positive char- 
acteristic p the analogous £-adic monodromy groups Gi, where i p, 
have a markedly different behaviour: If Y is an abelian scheme over an 
algebraic variety S over say the algebraic closure F^^^ of the prime field, 
then the fibre Y^/Fp"^ over a geometric point ^ : SpecF^*^ — )■ S can be 
used to define integral and rational Tate modules TiY^ and ViY^ over 
Zi and Qe. On these there is an operation of 7rf (5, ,^), and the £-adic 
monodromy group G^^£ C GL{VeY^/Qe) is defined to be the Zariski clo- 
sure of it, clearly independent of ^. We define the ^-adic monodromy 
representation to be the map 

p^,e : G^,e GL{VeY^/Qe) 

with which ^ is equipped by definition. By Deligne's theory of pure 
sheaves G^^i has a semisimple neutral component, [SJ Corollaire 1.3.9]. 
By [27| Theorem 4.1] the pair (G^/ Xq^ C, p^^i Xq^ C) is independent of 
i, for imbeddings ^ C. Except for these fundamental results not 
much seems to be known. I am grateful to Prof. R. Pink for posing the 
stimulating question to me, on whether there were any necessary or suf- 
ficient criteria for groups with faithful group representation {G^/, p^/) 
to arise from abelian schemes over varieties in characteristic p. One 
should certainly expect that one has more possibilities for [G^^i, p^^i) 
than in characteristic 0, but it is not so obvious how to construct ex- 
amples where G^^i has a simple factor of exceptional type G2- 
Before we can state a result in this direction, we want to remark, that 
it is often easier to merely consider the projections of G^^£ onto cer- 
tain subspaces of ViY^. Suppose a subfield L C End°(y) is given, and 
suppose r|£ is a prime of Ol- Then it is traditional to consider the L^- 
vector space V^Y^ = Q^T^Y^, where T^Y^ is the module limyg[r^] which 

has rank ^ '^[T-q]^ '^^^^ ^l,- Again we write p^^r : G^^^ ^ GL(y^Y^/ L^) 
for the smallest L^-algebraic subgroup containing the projection of G^ ^ 
onto the direct summand V^Y^, or equivalently, containing the image of 
7if{S,0 in GLlXKY^). 

Furthermore we need a word on representations with pairing: Let G^ 
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be a semisimple algebraic group over a field L+. By a unitary repre- 
sentation of we mean a triple (S, (.,..), p+) having the following 
properties: 

• B is a, free L-module of finite rank, where L is a semisimple 
L+-algebra of rank two. 

• (.,..) is a non-degenerate sesquilinear pairing on B, where the 
underlying involution is x* = tYi^/L+{x) — x. 

• : — >■ U(i?/L) is a homomorphism of algebraic groups 
over L"*" with \J{B/L) being the group of unitary isometries of 
{B, {.,..)) 

If L is understood we denote the scalar extension Xl+ L by the 
symbol G. Observe that every unitary representation of G~^ deter- 
mines a usual one of G as U(-B/L) Xj^+ L is GL{B/L), we denote this 
representation by the symbol {B,p). By a homomorphism between 
unitary representations {Bi, {.,..), pf) and {B2, {.,..), P2) we mean a 
G-homomorphism between {Bi, pi) and (i?2,P2), i-e. we forget the 
pairing. However, every element / G HorndBi, B2) has a transpose 
/* e HomG(-B2, Bi) defined by {f{xi),X2) = {xi, f*{x2)) and / is called 
an isometry (resp. similarity) if /*o/ and fof* are the identities (resp. 
homotheties) of Bi and B2. Let us call {B, (., ..)) positive definite if 
L is a CM field and ( totally positive element of L"*" for all 

X E B — {0}. Clearly every positive definite representation is isometric 
to an orthogonal direct sum of irreducible ones. Notice that a faithful 
positive definite representation of G^ exists if and only if it is L^- 
anisotropic, in which case the adjoint representation (LicG, (., ..), Ad) 
is positive definite, where {x^y) = — tr(Ad(a;) o Ad(t/*)). We need a 
technical condition on such objects: 

Definition 1.1. Assume that our fixed CM field L has degree 2r over 

Q and is unramified at a fixed odd prime p. Assume further that p is 
inert in and that it splits in L. Write q, q* , and q'^ = qq* for the 
three primes of L and L'^ overp, each of them has normp^ . Letv be an 
element of with v* — —v. Assume further that the number of Qp- 
linear embeddings i : Lq M> Q^*^ with Q=(i(f)) > 0. (resp. '^{l{v)) < 0) 
is equal to a (resp. r — a), where "Q{z)" denotes the imaginary part of 
z with respect to a choice of embedding Q^^^ C. This is independent 
of the choice, provided only one decrees a <r — a. 
Now we call a positive definite representation B/L of G^ jL^ v-q- 
flexible if: 

(X.l) The dimension of B is strictly smaller than ^. 
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(X.2) There is an element u G G{Lg^ that satisfies = {p{u) — 1)"+-^ 
and is not killed by any of the projections onto the L'^ -simple 
factors. 

In this work the following result is proved: 

Theorem 1.2. Fix L/L^ , v and q with properties as above and let B/L 
be a faithful unitary representation of the semisimple group G^/L^ . 
Suppose that there exists a v-q-flexible representation B'/L ofG~^/L^ 
such that B' contains all of B, LieG, and a copy of the trivial repre- 
sentation. 

Then there exists a polarized abelian scheme {Y, A) over a projective 
and smooth curve S/F'^'^, together with a Rosati invariant map L ^ 
End°(y), such that there is an isometry of unitary representations: 

(2) (G5^,+ ,p^^,+ ,Mi::l) - (G+ L+ ,p+ L+^, {;■■)) 

for all primes t^\i ^ p of Ol+ and for all geometric points ^ of S. 
Here it is understood that tiL/'^'^x = ipx '■ V^^+Y^ x V-^+Y^^ — )■ Q£(l) is a 
multiple of the associated Weil-pairing. 

Comments and Examples: Suppose, for instance that G^ / L'^ is any 
L]J-anisotropic, Lq-isotropic, L^-simple group of adjoint type. Then 
the representation B' := L (B LieG is f-q-flexible if v and q have the 
parameter a = 2 (choose u in the longest root eigenspace) and r = 
2 dinii G + 3. Hence our theorem predicts a family where the r+-adic 
monodromy C GL{V,+ Y^/ L:^+) looks like G+ C GL(LieG/L+) 

regarded over L^. In fact, for many representations the assumption 
"S' D L(B Lie G" is not needed. For example this is the case if B is the 
7-dimensional standard representation of (a Lq-isotropic, Lj^-compact 
L+-form of) the G2-gToup, so the statement of the theorem simply 
holds if B' = B is w-q-flexible. In particular, there exists an abelian 
7x (1x7+1) = 56-fold with this kind of additional structure (as 
a = 1). 

Despite appearance of the contrary the CM extension L is important 
in all this. In particular our methods cannot decide whether there 
exist abelian varieties with multiplication by a real field L"*" and such 
that the r^-adic monodromy is the group SL2 xL\ C GL(sym^ 
Although "sym^ © sym'^" can be achieved by the means of the theorem 
II. 2^ the result tends to have too large an arithmetic monodromy to be 
cut into two parts. 

The tools of our proof: First of all it is clear that when starting to look 
for families Y/S one should invoke an integral model Ai^^^ of some 
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PEL-Shimura variety M^^-* of which the special fibre M accomo- 
dates triples (Y, \, . . .) over characteristic p varieties S/F'^'^, regardless 
of whether they satisfy something to the effect of t.+ — 
not. The PEL Shimura varieties of this kind are associated to groups of 
unitary similitudes of a skew-Hermitian L- vector space, however an im- 
portant technical point of our theory is that there is a certain flexibility 
of picking up the Kottwitz determinant condition in the deflnition of 
M^^\ hence in the definition of the corresponding unitary group. For 
the precise description of the group, which we prefer to choose, we refer 
to section 16.21 The corresponding symmetric Hermitian domain X^^^ 
is a product of w = an copies of the n — 1-dimensional complex ball, 
where in fact n = dim^, B'. In terms of the skew-Hermitian form, with 
respect to which one forms the congruence subgroup of unitary simili- 
tudes, this condition reads equivalently: there are w real places of L"*" 
at which the form has one of the signatures {n — 1, 1) or (1, n — 1), while 
at all the other real places it is positive definite or negative definite. 
The whole point lies now in the very simple observation that unitary 
groups of forms with this particular signature, i.e. {0,n), {l,n — 1), 
(n — 1, 1) or [n, 0), have more than one symplectic representation with 
Hodge weight in the set {(—1,0), (0, —1)}, amongst them there is the 
standard representation that we denote by g^-^\ but there are further 
more exotic ones which will be denoted by g^'^\ . . . , g^^\ These maps 
are needed in a very essential way in our argument and it is for this rea- 
son that we pick the particular Kottwitz condition alluded to above. 
The representations (7'-'^^ give highly non-trivial maps from a certain 
auxiliary covering PEL Shimura variety M'^^^^^ M*^^^ to Siegel space, 
see [HI Introduction] or section 13.11 of this work. In zero characteristic 
the map g^'''' is obtained by applying the standard functoriality prop- 
erties of canonical models, but in positive characteristic it is difficult 
to get and its construction occupies the bulk of chapter HI 
Once integral versions, and hence reductions (mod p) of g^''^ have been 
established, there are applications for finding upper bounds for the con- 
nected Zariski closures ^ of the r-adic image of the '7r^*(S', ^)-operation 

that corresponds to some given 5* — > M^'^^^\ as we shall see shortly. 
Each g^^'^ goes with an abelian scheme Y^'^^ on Ai^^^^\ obtained by 
pull-back of the universal one on Siegel space. Each Y^''^ determines a 
7rf (5", ^)-representation on the L^-vector space V^l^*"^'' = rational Tate 

module of Yj^\ A slight variant of the result |6l Lemma 2.2] shows the 
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existence of a 7ri(S', ^)-equivariant isomorphism 

Suppose for a while we could prove that there exists a semisimple L^- 
algebraic subgroup H, C GL(V;F/^V^r), which satisfies: 

(3) U ®L End° (y^'^) x^(oxi) S) = Endn, K^f \ 

a representation theoretic lemma shows that the semisimple group ^ 
is (almost always, see lemma IB.ll) contained in H^. Let us call (I3l) 
a mock ifj-structure over the pointed variety S. Observe that Q 

would not be very sensible unless the End2^(y^'''^^)'s are already quite 
large. Actually the base point ^ E S that our theory comes up with 

is lying in the "most supersingular locus" of the moduli space m'^'^^^\ 
Such points give rise to the largest possible endomorphism algebras 
End2,(y^*''^'*) = Mat((2);-^); which gives a lot of room for adjustment 
when trying to build up S. 

The next tool which our proof uses is the deformation theory of a 
"most supersingular" F^^^-valued point ^, say over the scheme S = 
SpecFp'^[[t]]. Ironically, the concept of £-adic monodromy is completely 
meaningless in this context because SpecFp'^[[t]] is simply connected. 
However ([3]) is meaningful over arbitrary bases. Furthermore, as the 
functors S t-)- End/^(F('') X j^(oxi) S) are representable by schemes locally 
of finite type over A^(°^^\ any mock ifj-structure over SpecFp'^[[t]] 
descends to a mock if^-structure over some, possibly very large, finitely 
generated F^^-algebra contained in Fp'^[[t]], and over this basis £-adic 
monodromy does have a lot of content. 

To make this project work a lot of compatibilities have to be checked. 
Most of them are rather straightforward and can be deduced with a 
close analysis of certain exotic Hodge cycles in the style Blasius is 
doing in [2], but one of these compatibilities is more intricate: As 
Mat((^), L) acts on the (^) -dimensional Lj- vector space V^Y^''^ we get, 
by Morita equivalence, an induced L-structure up to scalars in 
on it. For our purposes it turns out to be significant that the above 

isomorphism between V,:Y^^^ and K^/^"* Al^ ^^Z*^'*' respects 

this L-structure up to scalars in , see lemma 15.21 Therefore we have 
canonical identifications of End5,(y^^'^'') with Endii/X'l B) , where B is 
an appropriatly chosen L- vector space, allowing us to free the left hand 
side of condition ([3]) from the Lf-coefficients. Hence the task consists 
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now of exhibiting a map of pointed Fp'^-schemes S — > M*^°^^^ with: 
(4) 

k k 

Endi(/\fi) = End°(rf D End°(r(^) x^(oxi, S) = EndG{/\B) 

L L 

We sketched above that we want to use a S = Spec Fp'^[[t]] -valued point 

over which the subalgebras 

(5) 

End°(Ff )) = End°(Ff )) H (End°^(ff ^[q-]) © End°^. (ff [q*-])) 

coincide with the ones on the right hand side of ([1]), where Y^'^^ x^{oxi) 
Fp'^[[t]] = Y^''\ It goes without saying that we want to produce these 
deformations by means of the Serre-Tate theorem, but how do we fi- 
ness the requested p-divisible groups y^^^''[q°°] over Fp'^[[t]]? This is 
cumbersome to achieve, and it is this part of our theory where the very 
unpleasant condition (X.2) appears, see chapter [2] and in particular 
subsection 12.2.11 for details. 

Observe once more that it is necessary to exercise a lot of care when 
computing the intersection in ([5]). The reason is that to a deformation 
f/^^ [q~] of f/^^ [q~] one calculates easily the Lq-algebra End^^ (f/''^ [q~]) 
for all k, but difficulties show up when one wants to understand which 
elements of End^^(F/''^[q°°]) © Endl^^{Y^''\q*°^]) are in End^(F^^''^). 
To accomplish this we need to know a crystalline version of lemma 15.21 
The L-structure up to i^'(Fp'^)^-scalars of certain eigenspaces of the 

Dieudonne modules of Y^''^ [q°^] are compatible. 



Related results: Let ip he a non-trivial £-adic additive character of Fp, 
and let x be the Legendre symbol. By push-out there are associated 
sheaves C^(^t) and jC.^(t) on the affine t-line A-*^ over say Fp'^ and on 

Gm A^. Then the Fourier transform = N FT^{C^(tT) ^Qi" j*^x{t)) 
on is lisse and pure of rank seven and weight one. By a fascinating 
result of Katz its geometric monodromy group is G2, provided that 
p ^ {2,3,7,13}, cf. [SJs Chapter 9], [231 section 4]. Here observe that 
the pendant of our field L is Q[exp ^]. Hence the abelian scheme over 

A^ corresponding to J-' has dimension 7 x 

Oort and van der Put succeeded in constructing 5-dimensional abelian 
varieties y/Fp'^((t)), such that the endomorphism algebra of Y Xipac((t)) 
Fp'^((i:))'*'^^ is equal to the quaternion algebra over Q which is non-split 
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only at p and oo, again a phenomenon which does not exist in char- 
acteristic 0, cf. Example 1.5.1]. In fact their method of construc- 
tion inspired much of this work intuitively: We start out from a base 

point in M*'°^^'* that is contained in the closed subset that plays the 
role of the "most supersingular locus" , the basic points in the sense of 
[HI Proposition 1.12]. Oort and van der Put start from a base point 
too, however they use a multiplicatively degenerated abehan variety 
instead. We also adopt Oort and van der Put's use of deformation 
theoretic methods over bases like IFp'^[[t]] and ¥p'^{{t)) to manufacture 
families with a prescribed "degree of individuality" , in their case pro- 
vided by a clever use of the Mumford-Faltings-Chai construction and 
in this work provided by the Serre-Tate theorem. 

Acknowledgements: A major part of this work was written up during 
a visit to the university of Rennes in spring 2002. I thank Prof. P. 
Berthelot very heartily for the providing of this opportunity. Further 
thanks go to: Prof. R. Coleman, K. Buzzard, M. Dettweiler, Prof. S. 
Edixhoven, Prof. E. Freitag, Prof. N. Katz, Prof. M. Kisin, Prof. 
W. Kohnen, Prof. P. Lochak, A. Miller, Prof. R. Noot, F. Paugam, 
Prof. R. Taylor, Prof. O. Venjakob, M. Volkov, T. Wedhorn, Prof. 
R. Weissauer, and S. Wortmann for general interest and comments. 
I also thank the audience of my talk in the Oberwolfach-workshop 
'Arithmetic Algebraic Geometry' in 2004, in which I announced the 
corollary 16.21 

2. sym-STRUCTURES 

In this chapter we introduce certain p-divisible groups which, as 
we will prove much later, are essentially the p-divisible groups of the 
abelian varieties in theorem ll.2[ We study first properties of an equichar- 
acteristic deformation, with additional structure of a very particular 
kind, which we call a sufficient deformation of a sym-structure. 

2.1. Windows and Frames. Let k he a perfect field of characteristic 
p. Let W{k) be its Wittring, let K{k) be its fraction field, and denote 
the absolute Frobenius on these by r. 

2.1.1. Graded slopes. By an isocrystal we mean a finite-dimensional 
K{k)-vectoT space M together with a r-linear bijection : M — )■ M. 
Let us briefiy recall slopes: There exists a positive integer d and a basis 
Xi of K{k"''^) ®K(k) M such that (j)'^{xi) = p'^^^Xi with certain uniquely 
determined rationals Zi G which are called the slopes of M. If M 
has only one single slope it is called isoclinal, if that slope is it is 
called etale. 
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By an effective isocrystal we mean a free W{k)-module M witli map (p, 
such tfiat Q(8>M is an isocrystal. A Dieudonne module is by definition 
an effective isocrystal that satisfies pM C 0M, or equivalently one that 
has an additional r~^-linear operator ip with ipo(l) = (poil) = p. The 
slopes of an effective isocrystal are always non-negative. The slopes 
of a Dieudonne module are always in the interval [0, 1] and if 1 is 
omitted the Dieudonne module is called unipotent. If M = W{G) 
is the contravariant Dieudonne module of a p-divisible group G/k as 
explained in section 13.2.11 below, then the slopes of M are just the 
slopes of G in the usual sense. 

Let r be a positive integer. A Z/rZ-grading on an isocrystal, effective 
isocrystal, or Dieudonne-module M is a decomposition as a direct sum 
M = 0^g2;/rz with (f)M„ C M^+i. Notice that the functor: {Z/rZ- 
graded isocrystals} — )■ {finite-dimensional i^'(fc)-vector spaces with a 
r''-linear bijection} that takes a pair (0o-gx/rz "^o-? (^'' ~ 

(Mq, 4>'^) is an equivalence of categories. In the other direction we start 
with (M', 0') and we define: 



where a is the representative of cr in {0, r — 1}, and putting: 



gives Mcr the structure of a graded isocrystal. Observe however, that 
effective graded isocrystals cannot be recovered from the degree sub- 
module because the maps (p : Mo- — ?■ Mo-+i might not be surjective. 
If M is graded then the multiplicities 1711,1712,1^3, .. . of the slopes 
zi, Z2,... are all divisible by r. We call ^ x rzi,^ x rz2, ^ x . . . 
the graded slopes of M, equivalently the graded slopes rzi are just the 
p-adic valuations of the eigenvalues of the operator 0' on M' , counted 
with multiplicity. The graded slopes of a graded (unipotent) Dieudonne 
module are always in the interval [0, r] ([0,r[). 

If k is algebraically closed and if all the graded slopes of an isocrystal 
Mo- are equal to some integer z, then the following recipe will be used 
time and again: Consider the i^'(Fpr)-vector space ("Li's skeleton"): 



The functor Mo- / defines again an equivalence of categories {Z/rZ- 
graded isocrystals of graded slope z} — )• {finite-dimensional K(¥pr)- 
vector spaces}. In particular the graded endomorphism algebra of a Mo- 
that involves integral graded slopes only is a product of Matrixalgebras 
over K{¥pr) then. For non-integral graded slopes this does not hold. 



Mo = K{k) ®r^^K{k) M', 




I = {xeQ^ Mo|0''(a;) = p^x}. 
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2.1.2. Generalities. For the following we have to fix a frame A in the 
sense of [3S], the precise definition is irrelevant to us, as we only have 
to know that the following are examples of frames: 

. A = w{km] 

• A = W{k){{t))^Zp 

• A = wlk) 

Write R for A/pA being one of k[[t]], k{{t)), or k. Observe that the 
absolute Frobenius on R has a natural lift r to each of the above three 
frames by sending t to t^. We also need to consider a notion of grading 
in Zink's category of A- windows, as introduced in |38j : 

Definition 2.1. A Tj/rZ- graded A-window is a finitely generated pro- 
jective graded A-module ©o-g^/rz -^o-' together with a graded suhmodule 
Ml = ^^(zz/rz ^'^^ T-linear operator (p : M„ — > M^^i such that 

(W.l) pMfj C Mfji and the R-module M„/M^i is projective, 
(W.2) 0M,,i CpM^+i, 

(W.3) the A-module M0-+1 is generated by ^(pM^^i, 
(W.4) the operator : — )■ A^r,AM„_i described below is nilpotent 
(mod p) . 

The r-linear map Mi 3 x ^ ^(Pi^) ^ M will be denoted by 0i. 
By ^-linearization of and (pi we obtain cj)^ : A ®r,A M — )■ M, and 
(f)\ : A ^r,A Ml — M. By a graded normal decomposition we mean 
lifts Lo- C M„ of Mo-i together with complements T^. C M^- to L„. 
To any graded normal decomposition one obtains an isomorphism [/" : 
AiS)t,aM^ -)■ M^+i, where U is defined by L^®T„ 3 l+t H- (j)i{l)+(f){t). 
In loc.cit. Zink defines the operator to be [/""^ followed by the map 
/ + 1 H-> Z + pt. It satisfies ip'^ o (p^ = (p^ o tp^ = p and does not depend on 
the choice of the (graded) normal decomposition. If M is graded then 
■J/'" is homogeneous of degree —1, i.e. maps M0-+1 to A 0t,a M„. 

Remark 2.2. A standard technique allows to deform a Z/rZ-graded 
Dieudonne module as follows: Write M^ for W^(fc)[[t]] ®w{k) 
and pick arbitrary W^(/i;)[[t]]-linear maps u„ : M„ — )■ M„ with u„ = 
(mod t). Define a r-linear homogeneous map (p : Mo-_i — > M^- by 
a; U(j{(p{x)). Corresponding to our Frobenius lift r there exists a 
unique homomorphism 5 : iy(/c)[[t]] l^(H^(A;)[[t]]), called the Cartier 
map, such that an element a is sent to a Witt vector of which the nth 
ghost coordinate is equal to r"(Q;). The element t, for instance, is sent 
to its Teichmuller lift [t] = (t, 0, 0, . . . ). Write: 



(6) 



^■.W{k)[[t]]^W{k[[t]]). 
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for the composition of 6 with the map to which is (mod p)- 

reduction of the Witt components. By the theory in pTl section (2.2)] 
the object Vr(fc[[t]]^^''-^) <^x,w{k)[[t]] M^, that one gets after extension of 
scalars to A;[[t]]^^'^'^, describes a "locally free finite rank Frobenius crys- 
tal on , in our case with Z/rZ-grading. 

The theory of Zink allows an improvement: Suppose that decreeing 
M<x,i := W{k)[[t]]^w{k)M^^i, where M,,i := {x G M,|0(x) G pM^+i} = 
ipM^+i, makes the structure (Mo-,Mo-i,0) into a graded W^(fc)[[^]]- 
window. This boils down to the nilpotence condition (W.4), which is 
satisfied if and only if the Dieudonne module W{k{{t)y'"^^'l') ®x,VK(fc)[[t]] 
Mo- is unipotent. Now one can use (Mo-, Mo-,i, 0) to describe a "locally 
free finite rank Z/rZ-graded Frobenius crystal on the ring not 
merely on the perfection. This is an important aspect as passage from 
k[[t]] to k[[t]]P^''f destroys many interesting properties of the "locally 
free finite rank Frobenius crystals". 

2.2. Formal sym-structures. We need the following integral version 
of a special case of an "additional structure" on a window. In the 
setting of isocrystals this concept has already been studied in much 
greater generality, see [31] for example. Fix once and for all a finite 
sequence bi, . . . ,bc of non-negative integers, not all of which are zero. 

Definition 2.3. A Z/rlj- graded A-window M^r is endowed with a for- 
mal sjm- structure if a tuple {N„, Ni^„, C^a), where i G {1, . . . , c}, is given 
such that: 

(5.1) No- is a Z/rZ-graded A-window with rank^ A^o = 2. 

(5.2) Ni^„, . . . , iVc^o 0,1^^ some further auxiliary Z/rZ-graded effective 
isocrystals which have rankvi/(fe) A^i,o- = 1- 

(5.3) : Q ® Mo ^ Q ® ©,Li N,,a ®w{k) sym^ is a Z/rZ- 
homogeneous quasi-isogeny of A-modules with cf)- operation. 

(5.4) For all a G Z/rZ with rank^ iVo/iVo,i = 1 the A-module Ca(Mo) 
is equal to 0^^^ Ni^^ ^wik) sym^ N„. 

If A^o (resp. A^j,o) is as in (S.l) (resp. (S.2)) we write z (resp. 
Zi) for the graded slope of ^^det{N^) (resp. ©o-^i.c)- denote 
the set {a G Z/rZ| rank/j A^'o/Ai'o,! = 1} by S, its cardinality satisfies 
0<;z-Card(S) = (mod 2). 

Observe that any l^(A;)[[i:]]- window gives rise to a W{k){{t))<§)Zp- and 
a W{k)-one by extension of scalars, these will be referred to as the 
generic and the special fibre. It is clear that a sym-structure on some 
graded Vr(/c)[[i:]]-window is inherited by its generic and special fibre. 
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2.2.1. Examples of formal sym-structures. For the rest of this section 
the frame is A — W{k), we begin with a numerical condition which 
guarantees the existence of an abundance of examples of formal sym- 
structures. We fix 2;, r G Z, and a G all positive and subject to: 

• max{bi\i = 1, . . . , c} < ^ 

• a e Z, if 2; is even and 2a = bi = ■ ■ ■ = be (mod 2), if 2; is odd 
If the above holds it is possible to choose the following: 

(I) for every index i e {!,..., c} a representation of a — biz/2 
as an arbitrary sum '^j^i fij, where the fij are non- negative 

integers, 

(II) integers cxi < • • • < cr^ < cxi + r, and a proper subset Q G Z/rZ 
such that its intersection with each of the intervals {aj, . . . , crj+i- 
1} (along with {a^, . . . , cti + r — 1} of course) contains exactly 
Wj many elements where 



1 " 



Let w be Wj. Observe that Card(r2) ~ w — an <r. We want to 
start with a graded Dieudonne module N^^, such that 



dimfc N^/N^^^ 



a = aj (mod r) 
2 otherwise 



rankvi/(fc) N„ = 2, 

where, as usual, N^^^i = {x E N„\(f){x) G pN^+i}- Notice that these 
conditions imply E = {ai, . . . ,az}, in particular Card(S) = z. Let 
N(^. — Lj ® Tj {j — 1, . . . , z) be a graded normal decomposition. Let 
us endow the graded W(A;)-modules Ni^^j = W{k) with the structure of 
an effective isocrystal by the following formula: 



<f>{x) 




a = CTj (mod r) 
otherwise 



where x is to be regarded in N^^a, ^-nd (f){x) is to be regarded in 
Ni^a-+i- We next want to establish a graded Dieudonne module M^. C 
0i=i ®w{k) syni^(^) N^. Moreover, we want to satisfy: 



dimfe MjM^^i = 
rank|^(fc) — n 



n — 1 (7 e Q 
n otherwise 
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We start with an element aj G S and set 

c 
i=l 

= iV.,., ^w(k) (0 i^f ' T,«^-^). 

i=l 6=0 

The lattice M^./ for some a' E {cTj, . . . , CTj+i} will be manufactured from 

i=l b=0 

by applying (p'^'''^^ with a choice of integers Cb^i satisfying 

< eb,i <b + fij 
eb,i < eb+i,i < eb,i + 1. 

We proceed inductively starting with eo,j = ■■■ = e^.^j = at a' = cTj. 
If a' — 1 is not in Q, we keep all of eo,i, . . . , e^.^j, and otherwise we 
increase any of eo,j, . . . , Cb-^j by one. If we specialize the construction to 
cr' = cTj+i we find that the integers Cb^i reach the maximal value b + fi j, 

due to Yl'i^i Ylb=o fiJ ~ (^^)- '^^^ result is that Mg..^^ is the 

image under of the lattice 

i=l b=0 

In order to guarantee the consistency of the construction we have to 
check that M„^^^ agrees with 0^^^ ^i,<T^+i ®w(k) (symj^(fc) ^^t.+J- This 
follows easily from (pip'^LjQTj) = M^^,+i, and (f){p'^'-^ Ni^^^) = Ni^a,+i, 
together with the fact that (p induces bijections N^i — )■ A^o-'+i and 
Ni^a-' Ni^a-'+i, whenever those degrees a' stay in the range from aj + 1 
to (Tj+i — 1, i.e. outside S. 

Remark 2.4. Let N„ be as above and let {z',z"} be the graded slopes 
of it. According to [SU Theorem 4.2] they satisfy: 

(N.l) z' + z" = z, 

(N.2) z',z" e{l}U{0,l,...,z}. 

Moreover, for fixed S every {z', z"} with the above properties arises 
from some Ncr, see [25l Theorem 5.1] for a more general result. 

We finish this subsection with a lemma on slopes: 
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Lemma 2.5. Suppose that Ma- has a sjm- structure as above, and let 
©o- have the graded slopes {z', z"}. Then has graded slopes 

Zi + bz' + (6j — b)z" where i runs through {1, . . . ,c}, and b runs through 
{0, . . . , bi}. The W{k)-rank of is equal to ^11=1 1 + ^i- 

Proof. We can assume that k is algebraically closed. Let Nq, and 
Q ® Nifi have bases {x',x"} and {xj}, with (j/'^'x' = p^'^x', cff^x" = 
p^"'^x", and (f)'^^Xi = p^^'^Xi. Now just note that Q ® 0^=1 iVi.o ®w{k) 
sym^^^j Nq has a basis consisting of the elements {xix'^x"^'~^} and 

that (t)^{xi)(t)^{x'f(t)''{x"f^-^ is 0'^(a;ix'V^'-^). We get a Y.'l=i 1 + h- 
element basis of Q (g) Mq on which, by (S.3), 0''°' has eigenvalues with 
the valuations d{zi + bz' + {bi — b)z"). □ 

Remark 2.6. Assume that M^- has pure graded slope a. Then 
0^ Ai'o- is isoclinal too, and necessarily has pure graded slope z/2, by 
(N.l). Consequently the integers Zi have to be equal to a — biz/2. In 
particular a must always be in |Z and moreover one has: 

• a G Z, if 2 is even 

• 2a = bi = ■ ■ ■ = be (mod 2), ii z is odd. 

Notice that in the first case all graded slopes are integral. 

2.2.2. Results of Wedhorn. Let M^- be a Z/rZ-graded Dieudonne mod- 
ule equipped with a sym-structure {N^, Ni^^Xa-)- We want to ex- 
hibit lifts to non-isotrivial -windows which preserve the sym- 
structure. We begin with a description of a lift of where we follow 
work of Wedhorn. If 

• diiRk NjNa^^ > 1, 

• and all graded slopes of are 7^ 0, 

then, by [37:, Proposition 4.1.4], there exists a deformation sequence. 
This is a family of elements G — N^^i such that for every a one 
and only one of 

• 0(e^_i) = Ca (mod p) 

• 0(e,_i) G Na^i 

holds. Observe that if the second alternative holds then necessarily 
cr G S, and {co-, 0(eo--i)} is a basis of the iy(A;)-module N^. Now 
define W{k)-\m.eax maps : by: 

• if 0(eo-_i) = Co- (mod p), then f o- = 

• if 0(eo--i) G then 

f^(0(ea_i)) = 

Va{ea) = 
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We proceed as follows: The W^(A;)[[t]]-modules Mo-, Mo-,i, N^, and A^o-,i 
are obtained by scalar extension, as in remark 12.21 Now let x be an 
element in one of A^^o— i or Mo-_i. To define its image 0(x) under the 
r-linear operator, we distinguish two cases. If a G S we set: 

where shall act W^(/c)[[t]]-linearly on N^j according to the formula 
= Iff^ + t ^w{k) Va, with Va as above, and shall act on M^- 
according to 

for any bases {x',x"} of A^^- and Xj G Ni^^ —pNi_„. This is meaningful 
because of condition (S.4). If, however, x is in one of A^'o— i or Mg— i 
with 0" ^ S we set: 

(f>{x) = (t>{x). 

In so doing we obtain a very particular deformation of the graded 
Dieudonne module M„, which we will refer to as a sufficient deformation 
with sym-structure Let us state thoroughly what this shows: 

Lemma 2.7. Let {N^, Ni^^Xa) be a sym-structure on a Tj/rl^-graded 
Dieudonne module M^. Assume dimj^N^/N^^i > 1 for all a, and as- 
sume that the graded slopes of N^j are non-zero. Then one has: 

(i) U ©o- 0' deformation corresponding to a deformation se- 
quence, then the graded slopes of its generic fibre are {0,z}. 

(ii) If there exists a ctq with Mcr^^i = pM^^ then the sufficient defor- 
mation Mfj, that corresponds to (i) satisfies the nilpotence con- 
dition (W.4) and is therefore a graded W{k)[[t]]-window with 
sym-structure in the sense of definition \2.'^ 

Proof. In the generic fibre of 0^ No- the graded slope must occur, due 
to |371 Proposition 4.1.5] (the image of in N^/N^^i is an eigenvector 
of (If with eigenvalue equal to t to the power of number of occurences 
of 0(eo-_i) G iVo-,i). By refering to (N.l), we find that the other graded 
slope has to be z. This shows (i). 

In order to justify (ii) notice that the construction of the underlying 
Vr(fc)[[t]]-modules M^. and M^.,! shows M„^^^i = pM^^. This means that 

V'" : MfTo+i W^(^)[M] <^T,w{k)[[t]] M„o is divisible by p, implying the 
nilpotence condition (W.4). □ 

Remark 2.8. Assume that M^- has pure graded slope a. Then, the 
graded slope of 0^ Ni^^- is Zi = a — biz/2, according to remark \T6[ As 
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the slopes of the generic fibre of No- are {0, z} we can use lemma [2751 
to deduce that the slopes of the generic fibre of 0^ are the numbers 
a — . . . , a + hiz/2 where i runs through {1, . . . , c}. Observe that 

this implies the inequality 

2min{a,r-a} 
max|Oi|z = 1, . . . , c| < , 

which was also present in subsection I2.2.1I 

Therefore we get examples of sym-structures on -windows 
with non-constant Newton polygons. Observe that the non-constancy 
of the Newton polygon implies that the window is not isotrivial. In 
fact, the converse holds also, provided only that the special fibre is 
isoclinal, see [211 Theorem 2.7.1] for a proof of this in the language 
of "locally free finite rank Frobenius crystals over In the next 

section we give a precise measure for the non-isotriviality of Mo-. 

2.3. Results of Dwork. In order to state the main result of this sub- 
section we employ connections. Let A be one of the frames Vr(A;)[[t]] or 
W {k){{t))®'Lp. If M is a finitely generated projective A-module, then 
a quasi-connection is a i^'(A;)-linear map V:Q®M— t-Q^M that 
satisfies 

da 

(7) Viax) = —X + aVix), 

at 

and V is called a connection if it preserves M. Recall that the sets of 
quasi-connections and connections form principal homogeneous spaces 
under End^(M) and EndA(M). Recall also that a connection is called 
nilpotent if some power kills M/pM. The following result seems to be 
well known, for lack of reference we provide a proof: 

Lemma 2.9. Let (M, Mi,0) be a A-window. Then there exists one 
and only one quasi-connection V with 

(8) V(0(x))=pt^-V(V(x)), 

moreover V is a connection, it is nilpotent and, if the A-window has a 
7j/r7j- grading, then V preserves this. 

Proof. Suppose that V is just any quasi-connection. Let us define a 
quasi-connection on the A-module A ®t,a M by the formula 

V^(a ^r,A ^) = ^r,A X + ptP-^a ^r,A V(x). 

Now we use 0" : A ®r,A M — M to get a quasi-connection F(V) on 
M by transport of structure, i.e. -F(V) = 0" o o 01* ^ here notice 
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that the existence of imphes that 0" , is a well-defined map from 
Q ® M to Q ® y4 ^r,A M. It is easy to see that the Leibniz-formula 
([7j) holds for -F(V). We claim that F(V) preserves M, provided that 
V preserves it, i.e. if V is in fact a connection: indeed by (W.3) it is 
enough to verify this for elements of the form where a & A and 

X e Ml. Notice that 

0«o V"o0tt'^(a0i(x)) = 
P 

4>K^ ®rA - + at^^^ ®r,A V(X)) = 

at p 

(/CV 

— 0i(x) + «t^-V(V(x)), 

showing F(V)(M) C M. Observe finally that for a A-linear map 
M : Q ® M Q (g) M we get F(V + u) = F(V) + (j)^ o p'"^ u o 
We deduce that F is a contractive map for the p-adic topology, be- 
cause ij)'^ is p-adically nilpotent. As End^(M) and End^(M) are both 
p-adically complete, it follows that in the set of quasi-connections and 
connections F has a unique fixed point. 

The nilpotency of V follows from Vp(M) C v40M, and V^'(v4</)M) C 
pM □ 

We call the connection on a A-window fulfilling equation ([8]) the 
Dieudonne connection. 

2.3.1. Base change to K{k){{t}} . We next invoke Dwork's trivialisa- 

tion of a graded window M^-, to this end we introduce the 

algebra 

K{k){{t}} = {^a/|ai G K{k), \ai\pC' ^ OVC < 1}. 

i 

We need the following: 

Lemma 2.10. The ring K{k){{t}} is faithfully fiat over W{k)[[t]][^]. 

Proof. By Weierstrass preparation |26l Chapter 5, Theorem 11.2], every 
non-zero ideal a of W{k) [[t]] [^] is generated by a polynomial of the form 

f + Eto ('it' with ao, . . . , ctd-i £ pW{k). Such polynomials are not 
units in K{k){{t}}, because all of their zeros have p-adic absolute value 
strictly less than 1. It follows that aK{k){{t}} ^ K{k){{t}} for all 
a 7^ hence the faithfulness follows. 
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Observe that is a principal ideal domain. So K{k){{t}} is 

flat if and only if it is torsion-free. However, this can be deduced from 

K{km]DKm{t}}- □ 

Now let (M^,M<^,i,0) be a Z/rZ-graded W'(A;)[[t]]-window. Let us 
assume that the special fibre (Mo-, Mo-,i, 0) is isoclinal with integral 
graded slope a. The a = eigenspace can be written as 

(9) Q®Mo = I®K{F,r)K{k), 

where / is the skeleton, as in subsection l2.1.1[ The lemma of Dwork j20| 
Proposition 3.1] reads: There is a unique isomorphism of K{k){{t}}- 
modules: 

Mo ®wmm K{k){{t}} = I ®K(F,r) K{k){{t}} 

such that 

• the Dieudonne connection V on the left matches the ^-operator 
on the right 

• reducing (mod t) gives one back the isomorphism 

We will call this isomorphism the Dwork trivialization. It is given by 
Taylor's formula 

°° f 

Mo ^wimt]] K{k){{t}} 3x^ e(x) = ^ V*(a;)|t=oT7, 

i=0 

where \t=o means the reduction (mod t). This formula implies readily 
Q{(j)^{x)) = (f>^{Q{x)). Consider the ring 

Q{k) = K{k){{t}} K{k){{t}} 

and let 6 E GL{I / K{¥pr))(Q{k)) be the isomorphism making the dia- 
gram: 

Mo^wimt]] Q{k) /®x(Fp,-) Q{k) 

e 

Mo Q{k) /®x(FpO Q{k) 

commutative, where 9j = 9 ^K{k){{t}},qi 1q(A;) are obtained from the 
Dwork trivialization via scalar extensions 

(10) qi : K{k){{t}} ^ Qik); a^a 1 

(11) q2 : K{k){{t}} Q{k); a ^ 1 «• 

It is important to note that the trivial deformation satisfies 6 = 1. Ob- 
serve that we also have 6{t^{x)) = t^{6{x)). Now we are in a position 
to give a partial justification for the term "sym-structure" : 
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Lemma 2.11. Assume p ^ 2 and let {Mcr, Ncr, Ni^cr,(cr) be as in part 
(a) of lemma \2. 7[ Assume that @„Mcr, 0o-^crj ©o- ^«,o- isoclinal 
with integral graded slopes, and write I, J, Ji for their skeletons. Let 
O^j and Off be the Dwork descent data as above. Then: 

(i) 6^^ G SL{J/K(¥pr))(Q(k)) and no smaller K{¥pr) -algebraic 
subgroup of SL{J/K{¥pr)) contains Off. 

(ii) Let TT denote the representation ofSL{J/K{¥pr)) on the K{¥pr)- 
vector space I, that comes from the natural isomorphism 

c 

Co : / ^ sym5^(F,.) J- 

i=l 

Then we have 'i^{Ofj) = Oj^j. 

Proof. Recall that the Frobenius operator : N^^i — )■ A^^- is of the 
form Ua o 0. Here the automorphisms arise from a choice of de- 
formation sequence, and (iVo-,0) is the trivial deformation of {N„,(j)). 
As det(Mo-) = 1 it follows that the Dwork trivializations of the win- 
dows (det(iVo-), det(0)) and (det(iVo-), det(0)) agree, clearly leading to 
det(^^) = 1. 

Consider a maximal proper _ft'(/c)-algebraic subgroup H C SL{J/K(¥pr)) 
with Off G H{Q{k)). In case H is the Borel subgroup stabilizing a line R 

in J we get immediately an induced descent datum : R®K(¥pr)Q{k) ^ 
R®K{¥pr) Q{k), of which the cocycle condition follows from the one of 
Off. Hence we obtain a sub module 

V = {x e R®Kiw,r) K{k){{t}}\ 

0{X ^K{k){{t}},q2 iQ(fe)) = X (S)K{k){{t}},qi iQ(fe)}, 

of Q ^ Nq that is projective of rank 1 over Analogously 
we have a factor module V' = Q ^ Nq/V. The equation 6'^(r^(x)) = 
T^{Off{x)) implies that V and V' are stable under the operator 0^' = 
pz/^^r ^ This means that their graded slopes must be constant contra- 
dicting lemma [221 (i)- 

If H is not a Borel subgroup then is a similitude with respect 
to some non-degenerate i^'(Fpr)-valued symmetric pairing (.,..); i-e. 
(x, y) = 0~^{0ff{x),0ff{y)) for some G Q{k)^ . Again this implies a 
cocycle condition for 0, giving rise to a Vr(A;)[[t]][^]-module 

V = {x e K{k){{t}}\ 

0{X ®X(fc){{i}},g2 Iqw) = ^ ^Kik){{t}},qi iQ(fc)}, 
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which inherits a ^'"-operation from the map p^r^ on K{k){{t}}. More- 
over, the i^'(A;){{t}}-hnear extension of (.,..) defines a ^''-equivariant 
pairing Q^NqxQ^Nq—^V. By passing to the determinant of the 
pairing we find that Q (g) det(iVo)®^ regarded as a Vr(A;)[[t]][i]-module 

with 0^-operation is isomorphic to V'^'^. If we fix a generator w of 
V, and write p^T^{w) = aw for some a G this means 

that is in fact equal to p^^^-^ where x G 1 + Hence 
a = ±p^ . After adjusting w with a — 1th root of —1 we get 
an isomorphism Q (g) det(iVo) = V of W^(A;)[[t]][i]-modules with 0'"- 
operation, implying 9 = 1. Hence {9ffX,y) = (x, (tr(^^) — 6*^)?/) for all 
X, 1/ G J ^K{¥pr) Q{k), due to det(6'jy) = 1 and dimK(Wpr) J = 2. As the 
algebra {/ G EndK(¥j,r)iJ)\ifx,y) = (x, (tr(/) - f)y)} is a quadratic 
extension of K{¥pr), all of its elements commute with and thus 
give rise to endomorphisms of Q ® Nq. This is again a contradiction 
because due to slope considerations such endomorphisms can not exist. 

Let G^j and be the Dwork trivializations of M„ and N„. It 
will not cause confusion to write 7r(G^) for the isomorphism from 
Mq ®vK(A:)[[i]] K{k){{t}} to / ®x(Fpr) K{k){{t}} that is induced by the 
isomorphism 

G;v : ^0 ^wmm Kik){{t}} J ®i^(F,o K{k){{t}} 
Clearly we have to show that 7r(G^) = G^g, as 9j^^ is 

(©M iQ(fc)) ° (©Af ^K(k){{t}},q2 lQ(fc))"\ 

and 6*^ is 

(©TV ®K(fc){{t}},gi iQ(fc)) ° (©TV '^K{k){{t}},q2 '^Q{k))~'^- 

Let V be the Dieudonne connection on the graded window N^j. This 
induces immediately a connection on 0^^^ A^i,o- ®w{k) ^y''^w(k)[[t]] ^o"' 
by the formula 

V(x,x' V'"') = Xi(6V(x')x'''"'x"'""' + ik - &)V(x")x' V'-"-'). 

By transport of structure we get a quasi-connection on M^r whichis 
easily verified to satisfy ([H]), so that it agrees with the Dieudonne con- 
nection on Mcr, by lemma [2191 It follows that 7r(Gjy) is horizontal and 
reduces to ([9]) (mod t), which is all we want. □ 
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3. Y^''^ IN Characteristic 

In this chapter we introduce the kth exterior power of an abehan 
variety of U(n — 1, 1) type. We start with an elementary discussion of 
the complex Hodge structure of Y^''\ Then we sum up which properties 
of the p-adic Tate module can be deduced from it using methods of p- 
adic Hodge theory of Blasius, Faltings, Fontaine, Lafaille and Messing. 

3.1. Hodge Structure ofY^''^ and Results of Blasius. Let us recall 
objects and concepts from [6i section 2] we fix: 

• torsion free, finitely generated O^-modules V^''^ {k = 0, . . . ,n), 
each equipped with a Q- valued (L, *)-skew-Hermitian form ^^^"^ 
which one can write as 

(12) V^«(x,t/)=tr^/Qvl/W(a;,y) 

for a unique form with \l'*^^^(ax, = '^^''\x,a*y) = a^^''\x,y), 
for all x,y & ^q^- require that (V^^'^), vl/C^)) is gotten from 
V^(°), 1/(1), ^'(o), and ^(^^ according to the assignments 

k 

(13) V^W = l/(o)®°-'-'^®c.^/\\/W, 

Ol 

(14) ¥''\xl-''xi A ■ ■ ■ A Xfe, A ■ ■ ■ A y^) = 

/^«(xi,i/i) ... ^«(xi,i/,)\ 

(15) (xl/(°)(xo,l/o))'-'det : ••. : 

\^(i)(xfc,i/i) ... ¥^^{xk,yk)J 

where Xi, . . . , x^, . . . , G V^^\ and Xq, yo G 

• We need certain group homomorphisms g^''^ : G^'^^^^ — > G^''\ 
where the target reductive Q-groups G^''^ represent the functors: 

Q ^ {(7,^) G Endi^QiV^'^) X Q>^\^^'\^x,^y) = fi^^'Xx^y)} 

on the category of all Q-algebras Q, and where the source is the 
reductive Q-group G^^^^^ making 

^(0X1) ^ ^(1) 



r.(l) 



into a cartesian diagram. Here notice that the variable /i gives 
natural characters on each of the groups G^, where 6 stands 
for a symbol in {(0 x 1), (0), . . . , (n)}. We define g^^^ on G(°^i) 
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by sending say {-f^^K -f'^^K i^) in G'(o^i)(g) to (t^'^),/^) G G^''\Q), 
where the action of 7^*^^ on Vq'^ is defined by 

^^'\xl-'x, A ■ ■ ■ A X,) = 7^°na:o)'-V'H^i) A ■ ■ ■ A t^'H^/^)- 

Notice that c*^^-* og^'''> = c^'^^^K Throughout the whole article we 
prefer to work with specific connected, smooth Z-models G| of 
the groups G^: They are obtained by taking the schematic clo- 
sure in the group Z-schemes GL{V^/Z), where we write 
for e\/w. It is easy to see that our homomorphisms ' 
give rise to integral maps G^^^'' G^^ and the same is true 
for c^. 

• We need a specific conjugacy class X^^^^^ of homomorphisms 
Cx ^ G'(°^i)(R) such that (G^o^^), X^ox^)) and (G'W,XW) are 
both Shimura data, in fact of PEL type, where X^''^ denotes 
the G*^'^^(]R)-conjugacy class containing g^''\X^^^^^), for every 
k G {0, . . . ,n}. To this end we require that X^^^^^ is chosen 
such that some h^^^ in X^°^ and h^^^ in X^^^ satisfy the follow- 
ing properties: 

Firstly the forms tp'^^^x, h^^\i)y) and ip^^\x, h'^'^\i)y) are posi- 
tive definite, and secondly the Hodge structures V"*-^'' and V^^^ 
are of type {(—1, 0), (0, —1)} and satisfy: 

(16) tr(x|^,„,-i,o) = $(°)(x) 

(17) tr(a;|^(i)-i.o) = {n - l)$(°)(a;) + $(")(x), 

for all a; G -L, where and ^^"^ are CM traces arising from 
CM-types |$(°)|, |$(")| C HomQ(L,C). Under these assump- 
tions it turns out that firstly ■'tp^'^\x, h^'^\i)y) is positive definite 
for every k, and that secondly the Hodge structure V^'^^ is of 
type {(—1, 0), (0, —1)} as well. Moreover, the action of L on its 
tangent space is given by 

tr(a;|^(,)-i,o) = $^(0;) = ~ ^^^'^x) + (^I 

Finally let us denote by E the subfield of C that is generated 
by all embeddings L C. It contains the refiex fields of all of 
the {G\ X^) for 5 G {(0 x 1), (0), . . . , (n)}. 

• A level / > 3, gives rise to neat compact open groups 

ir^ = {7GGi(Z)|7^1 (mod/)} 

for every S. Having fixed it we write for the weakly canon- 
ical model of G\Q)\{X^ x G\A°°))/K^ over E. By abuse of 
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notation we also write 

gik) . ^(0X1) _^ ^(fc)^ 

for the induced map, cf. [7J CoroUaire 5.4]. 

3.1.1. Moduli interpretations. We remark that {G^^^^\ X^^^^"*) can very 
nicely be written as a cartesian product of the toric Shimura datum 
{G^'^\ X^^"*) with a certain preabelian Shimura datum (G, X) belonging 

to the unitary group oiV = V^^\ cf. [51 Remark 2.4]. 

For sake of completeness we give the Hodge weights of /\^ V"t, they are: 

r ("^^) X (0,0), Qt;) X (1,-1) if . G - 

(P'^) = \ (rJ) X (-I'l)' ("fc') X (0,0) if ^ e |$(")| - |$(°)| 

[ (^) X (0, 0) otherwise 

observe that, unlike V'^^\ none of the Hodge structures /y^^ V are of 
type {(— 1, 0), (0, — 1)}, hence are not period lattices of abelian vari- 
eties. Also, the Shimura variety to (G',X), which in fact looks more 
natural to work with, has no moduli interpretation. However M*^°^^^ 
does have one, let us sketch it briefly. The morphisms S — )■ M*^°^^^ 
parameterize tuples (F^^), Q>oA(°) x \^^\ L^^\r]^^''^'^) where: 

(a) Y^^^ and Y'^'^\ abelian schemes over S/E^ up to isogeny, 

(b) Q>oA*-'''' X \'^^\ a homogeneous class of polarizations on the prod- 
uct F(oxi) =y(o) x^yW 

(c) Rosati invariant operations t*^^-' : L End*^(y*-^'') and 6*^°^ : L 
End°(F(°)), such that the formula trLie(y(fe))(t('^)(x)) = ^^^\x) 
holds for k G {0, 1} 

(d) level- /T*-"^ ^•'-structure r/*^°^^\ i.e. for some choice of geometric 
point ^ of S* one has a 711(5*, ,^)-invariant K^^"*- (resp. K^'^'^-) class 
of Ol ® A°°-linear symplectic similitudes: 

and 

r^^") : ® ^ ifi(r/°\A°°) 

with the same multipliers. 

The Shimura variety M^^"* has a similar moduli interpretation, moreover 
the map g^^"^ gives rise to a quadruple {Y^^\ fi\ Q>oA(^) , r/^'^^) over the 
scheme M^^""^). 
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3.1.2. Computation of H^^{Y^''^) . Unless otherwise said we will always 
work with the representative of the isogeny class of abelian schemes 
yC^) which satisfies r]^^\V^''^) = Hi(Y^''\z), where Y^'''^ denotes the 

fibre of F^^^ over a C- valued point ^ of M^^^^). If A^") x A^^^ denotes 
a quasi-polarization of that represents the homogeneous class 

Q>oA^°-' X X^^\ then the formulae ffT^ . ffUl) determine a correspond- 
ing representative A'-'^^ in the homogeneous class Q>oA'''^^. Moreover, a 
suitable multiple turns all of them into effective ones. Let us therefore 
fix such polarizations 

(18) -.Y^ ^ Y^' 

once and for all. By definition the Z-Hodge structure 

k 

H,{Y^'\C),Zro,i-k /\H^{yI'\C),Z) 

Ol 

is furnished with a specific Ox-linear isomorphism to: 

iTi(Ff^(C),Z) 

(k) 

which we denote by ^. Dualizing the above yields a cohomolog- 

(k) 

ical pendant t^ ^, and indeed it will prove useful to occasionally use 
H\Y^''\C), Z) instead of Hi{Y^^^\C), Z). Observe also that the polar- 
ization A^^-* induces a map: 

(19) iJi(yf ^(C),z) ^ i7i(rf ^*(c),z) = h\y^''\c),z){i) 

carrying m^^^ to t^^^^. By using [7, CoroUaire 5.4] and [lOj one obtains 

easily the following key property of t^^^^, see [6l section 2] for some more 
details: 

Lemma 3.1. Let , , ijj^ , , be as above. Let F C C be a field 
containing E. Let 

e:SpecF^M(°^i) 
be a F-valued point, then: 

(i) the Ol = Ol ® Z-linear isomorphism t^^^ ® 1^ between 

k 

i7i(r/°^ x^F"^Z)®o^'"'' /\H\Y^^^'> x^F'^Z) 
and 

H\Y^^''^ XpF^^Z) 
is Gal^F"-'^ / F)-equivariant. 
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(ii) the C (X> L-linear isomorphism between 

k 

(k) 

obtained from t^ ^ is defined over F ® L 

(k) 

Let us thus write t^ for the isomorphism of the filtered F ® L- 
modules. Finally, consider a i^'(A;)-valued point ^, where is a perfect 
field of characteristic p. Notice the functorial comparison isomorphism 
of Faltings and Fontaine, [H] , [11] : 

IdR 

Let us now explain a method of Blasius to prove certain compatibilities. 
We prefer to reproduce his beautiful argument for two reasons: In the 
situation we have his proof simplifies a little, yet we need a slight 
generalization of the result. The reader who is familiar with the details 
of [2] and [TO] should certainly skip the rest of this section, see also [32] 
Chapter 4]. 

Proposition 3.2. Let ^ be a K{k) -valued point of M^^^^\ and let 
K{k) be an imbedding (CaTd{k) < 2^° ). Then the map from 

k 

K{k)®L 

to 

HUyt^) ®Kik) BMKikD 
induced by tflj^ (g)K{k) ^BaRiKik)--) agrees with IdR o {tfl (g) lBaR(K(k)--)) ° 

Proof. Recall once more that t'^^\^ was defined from t^^\ in the first 
place: Starting with the archimedian comparison isomorphisms 

HlniY^"'^) ®Kik) C = H\Y^^'\C), Q) ® C, 
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the map t^^^ ® Ic gives rise to t^^dR^K{k) Ic and the i^(/c)-rationahty of 
that map was checked in the second part of lemma 13. II Write Y/M^^^^^ 
for the abehan scheme 

and let s : y — )■ M^'^^^'> be the structural morphism. By some custom- 

(k) 

mary manipulation of tensor products and duals one can regard t^^^ as 
an element in 

H'\Y^{C),Q){k). 
As ^ varies these form a global section which we denote by 

We want to choose (over K{k)) a smooth compactification j : Y 
K{k) y/K{k), with y — Y Xe K{k) = Y/K{k) a normal crossings 
divisor. Due to Deligne's theoreme de la partie fixe P, Theoreme 4.1.1], 
we deduce the existence of a cohomology class T^^^ G H'^''{y{C), Q){k) 
such that j*{T^^) maps to tg'', in the Leray spectral sequence to 
s : Y ^ M'^^^^K The restriction of Tj^^ to each fibre 1^ C 3^ is 
t^^^. Analogously one can find a T^'^ G Hfj^{y){k) that restricts to 
43iJ ^ Hl%{Y(:){k) for all i (N.B.: The images of T^^^ and T^j^ in the 
group H^^iy Xx(k) may well be different, but this is irrelevant). 

Now let t^^^^ (g) Iqp and ® Iq^ be the images of t^^^^ and tg'' in p-adic 
etale cohomology. The assertion in question is equivalent to the state- 
ment IdR{t\% ® lBaa{K{k)--)) = ®K{k) 

The key idea of Blasius is that an element in H'^^{y){k) restricts to 
in Hl^{Y^){k) if and only if it restricts to in Hl^{Y^i){k), where ^' 
is any other ir(A;)-valued point lying in the same geometric connected 
component of M'^°^^\ When applying this to the element IdniTj^^ ® 

(k) 

'^Bj,R(K{kY''))-TdR®K{k)'^Bia{K{kY'') we find that our assertion is true for 
^ if and only if it is true for here again, we denote the image of T^'^ 
in H^\y XK(k) K{kY', Qp){k) BdR{K{kY'^) by ® lB,«(x(fc)-). 
There exist such points ^' with Y^}^ isogenous to 

(0)XK(.)n-l („) 

■I 5 xx(fc) 

as a polarized abelian variety with L-operation. For those ^' there is 
an isogeny between ^K{k) Y^ and Y^, as well. 

(k) 

Now observe that the isomorphism IdR for Y}, is just the direct sum 
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of ("^^) (resp. {^_\) many) copies of the corresponding isomorphism 
for Y^^^ (resp. 1^^"''). This proves it for ^' and we are done. □ 

3.2. The Categories of Fontaine. Our reference for good reduction 
of Shimura varieties of PEL-tjpe is the work of Kottwitz. In 
our case the unramifiedness hypotheses of loc.cit. boil down to the 
requirement that L, V^, ip^, I satisfy: 

• induces a Z(p)-valued perfect pairing of V^^^^- 

• / is coprime to p. 

• L is unramified at all primes over p. 

Here p is some fixed prime. If this is fulfilled then Kottwitz obtains an 
extension of / E to a scheme Ai^ smooth over Oe ® '^(p), moreover 
E is unramified over p too. One constructs such models via a 
moduli interpretation, which is very similar to the one given in (a), 
(b), (c), and (d) above. However, one has to replace the constraint (c) 
by the so-called determinant condition, see [211 chapter 5] for details. 
In fact the above unramifiedness hypothesis is fulfilled for all 6 if and 
only if it is fulfilled for 6 = (Ox 1), due to [6l Lemma 5.1]. Moreover 
loc.cit. shows that the polarizations in f lTSj) can be chosen to be p- 
principal ones, which we assume from now on. It will be useful to have 
a criterion for the compactness of A^*^: 

Lemma 3.3. Assume that L, V^^\ ip^^\ I > 3, are unramified at p, 
and assume ^ o *. Then the scheme Ai^^'^ is proper over 
Oe®'^{p)- 

Proof. As M.^^'^ is smooth it is flat and the generic points of all irre- 
ducible components are mapped to the generic point of Spec Oe®'^(p)- 
So it suffices to verify the valuative criterion of properness [T71 Corol- 
laire 7.3.10(ii)] only for discrete valuation rings V over Oe ® '^(p) 
whose field F of fractions has characteristic 0. Consider the quadru- 
ple (F, Q>oA, . . . ) corresponding to some rj : SpecF — )■ M*^*^). Observe 
that the L-operation that is induced on the tangent space Lie Y of the 
abelian variety has trace Consequently we can apply the theory 

in [311 Theorem 3]: As ^ <l>(°) o * we can find a to ^ |'^'^°^| U |$(")| 
so that ^'^^^ does never involve the embedding to- By loc.cit. this forces 
Y to have potentially good reduction. However, as the abelian vari- 
ety in question also has a F-rational level /-structure, we may use the 
Critere de Raynaud Proposition 4.7], to deduce it has in fact good 
reduction. □ 
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We usually want to consider the scheme A^p := ^Oe®'^(p) ^Ep, 
where p is a fixed prime of Oe- The study of the local properties of 
A^p is significantly eased if a further assumption is made: 

(T.l) $(0) o * = tiLjQ^ U ^ ^^''^ 
for some prime q of O^. If we fix an embedding 

(20) L:OL,^W{¥pr) = OE„ 
then (T.l) means that 

(21) {t" o to*\(T = 0,. . .,r - 1} = |<l>(°)|, 
while there exists a proper subset C {0, . . . , r — 1} with 

(22) {r'^ o L\a E il} U {t'' o l o *\a ^ fi} = |$("^|. 

Under the validity of this assumption Mp^^^^ is proper, all fibres of the 
p-divisible group y''"'^^[q°°] over A^p*^^"*^^ are unipotent and y*^'')[q°°] is 
etale. Moreover their duals are identified with Y^^^[q*°°] and yW[q*°°]. 

3.2.1. Dieudonne theory. Let us sketch one of the numerous ways to de- 
fine the contravariant Dieudonne module of ap-divisible group G/W{k): 
According to [2H] one attaches a crystal to Q, for our purposes it 
is enough to only consider the value of this crystal on the object 
Spec W{k) being: 

B*{g) = Ext""^"/^''(^,Ga) 

which is defined to be the abelian group of isomorphism classes of the 
(by [28l Corollary 7.8] rigid) category 

EXT^''y'^^''{g,Ga) = limEXT""^"/^''(^[p^],GJ. 

Moreover, the category EXT'"'^''/^''(^[p^], G^) consists of objects in 
TORS"^''''^''(^[p^], Ga) -the Ga-torseurs P on the small crystalline site 
Crys{Q[p^]/'Ijp)- together with isomorphisms: 

of objects in TORS'="^'/^^(^[p^] Xvi/(fc) G[p^],^a), that satisfy commu- 
tativity and associativity constraints. Here A means contracted sum of 
Ga-torseurs and 

Pi,P2:Q[p'']y<wik)G[p'']^g[p''] 

are the coordinate maps. The resulting group D*(^) is a iy(A;)-module 
because W{k) acts on Ga, regarded as a sheaf of abelian groups on 
Crys{Q[p'^]/Zp). From this definition one can read off immediately 
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the crystalline functoriality, in particular we have a r-linear map on 
it that is induced from the relative Frobenius: 



where G is Q y<wik) k. Finally, according to [2S1 corollary 7.13] there is 
an exact sequence of finitely generated torsion free iy(fc)-modules: 



^ uj{g) Ext'="^'/^''(^, Go) Ext(^, Go) 
where uj{Q) = limu;(^ >^w{k) Wj{k)) is the cotangent space of Q, giving 
D*(^) a filtration, by 



Let us describe Fontaine's iy(A;)-linear (8>-category MF^"^ as well: A 
object in MF^'^ is a tuple (M, Fil'M, 0) with: 

• M is a finitely generated, torsion free W {k)-m.odv\e, ■ ■ ■ C 
FiP^^M C FiPM C . . . is a separating and exhausting de- 
scending filtration, such that M/FiV'M is torsion free. 

• 0:Q(8)M— j-Qc^Misa r-linear bijection 



and a morphism in MF^'^ is a W{k)-lmea.T map which preserves the 
filtration and the 0-operation. For every integer w > there is an im- 
portant full subcategory MF-^'^''^ which consists of objects with M = 
FifM and Fil'^M = 0. It is a fact that (D*(^), Fir'D*{g), 4>) obtained 
from a p-divisible group Q /W{k) constitutes an object in MF-^'^''^, more- 
over D* is an anti-equivalence between the category of p-divisible groups 
over W{k) and MFf'^'^. 

Finally observe that a p-divisible group G over k gives rise to a Dieudonne 
module D*(G) over W{k) too, it lacks a filtration, but does however 
still satisfy the crucial property pW{G) C 0D*(G) C D*(G), in this 
setting D* is again an anti-equivalence of categories. 
In 7.14] a fully faithful contravariant exact functor U from a cer- 
tain full subcategory MF^'^''^ of MF-^'^'^ to the category of torsion 
free finitely generated Zp-modules with continuous GdX{K{kY'^ / K{k))- 
operation is constructed. An object of MF^*^'^ is in MFf'^'P' if and 
only if it satisfies the following subtle extra condition: Whenever a 
subobject M' of M and a maximal subobject M" of M' is given we 
have that Fip-'^M'/M" ^ M' /M". This is implied by demanding 
that jp~^(f)~^ acts topologically nilpotent on M. According to the 
discussion in [121 3.8, Remarque] the functor U can be described as 



Frob : G ^ G yik,Tk]X ^ X' 



.p 




cuiG) t = l. 
t>l 
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follows: Consider Wj{OK{k)'^'^/pOK(k)^':), the Witt vectors of length j 
with coefficients in OK{kY''/'P^K{kY''- Let W^^{OK{kY':/'P^K(kY'd be 
the divided power envelope of the ideal consisting of all (oq, . . . , Oj-i) G 
Wj{OK{kY<^/pOK{kY'=) with = 0, relative to the standard divided 
powers on the subideal formed by all Witt vectors (ao, . . . , aj-i) with 
qq = 0. Finally set 

S' = limW^^^(Ox(fc)-/pOi^(fc)-), 

this is a 14^(/c)-algebra which has a natural Gal(-ft'(A;)'"^/ii'(A;))-operation 
a natural filtration, and a Frobenius r, so one puts: 

(23) U{M) = Fif Homp^(fc)(M, S'f=^, 

for every M in MF^*^'^' . Its significance to this paper stems from its 
relation to p-divisible groups over W{k): If Q /W{k) is such that D*(^) 
lies in MF^'^'^ (which means p odd or Q unipotent), then 

(24) u{w{g)) = Tpg 

holds, where TpQ = lim^[p^](i^'(A;)'*'^) is the Tate module, see [131 
Proposition 9.12] for this. 

The following consequence of Fontaine and Lafaille's theory is basic 
to this work. Let A; be a perfect field extension of ¥pr. Notice that 
a Oi^-operation on any object M of MF^*^ is equivalent to giving a 
grading M = S^g^/,^ with Q ® 0(M,) = Q ® M^+i. This is done 
by making a G O^^ act on M„ through x ^ T'^{L{a))x. 

Lemma 3.4. Assume that p > k + 1. Let Qq^'^ be a p-divisible group 
overW{k) with OL^-operation and of Oi^-height n. Assume that 

rankty(fc)a;^(^W) = 

Fix some etale p-divisible group Gq^'^ /W{k) with Ol^- operation, and 

with Oi^-height equal to 1. Then there exists a p-divisible group Gq"^ /W{k) 
with Oi^-operation such that one has 
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as OL^[Gal{K{k)°-'^/K{k))]-modules. Moreover, the graded Dieudonne 

t 



module M^'^'* of Q^^ is canonically isomorphic to 



(25) M(°)^-'^'^-'= A^^'^ 

W{,k) 

where M^"^ and Mi^-* are the ones of Q'^'' and Q'^^ . In particular we 
have 



and the OL^^-height is . 



a (^VL 



Proof. Write m'^J^'^ for the Z/rZ-graded object of MF^'^, that is ob- 
tained from the filtered Dieudonne modules of Q^"^ , and Qf'' according 
to equation (EHI) . By analyzing its Hodge weights one finds analogously 
to [HI proof of lemma 2.1]: 

• Yajikw(k) Fil^M^''^ = rankvF(fc) M^''^ = (^) 

a 



rankwfw Fil^M^}''^ 



• rank^(fc) Fit^M^^^ = 0. 
Using the fully faithfulness of U we are left with proving that 

k k 

(26) /\ f/(M«) = f/(0 /\ M«) 

Oiq W{k) 

(27) ^ ;7(M(o))®°^/~' (^o,, U{M^'^) 

The isomorphism fl26|) follows in two steps: Firstly, we take the appro- 
priate Of^^^ -eigenspace of the isomorphism: 

f/(M(i))®^P^ ^ f/(M(i)®'^<''''), 

which in turn can be justified by |I31, Remarque 6.13(b)], if we only 

know that M'^-'^^'^'^*'"' is in MF^'^'^' . However, this object is certainly 
in MFf'^'P, because of p > A; 1 and M^^) G MF^'^''^. Moreover, 
p(j)~^ acts topologically nilpotently on M'^^^ by (T.l). So p'^cp'^, hence 
jf~^(j)~^ act topologically nilpotent on M'^^^'^'*'''' making it a MF-^'^'^'- 
object. Secondly, we pass to the eigenspace on which the symmetric 
group operates according to the sign character Sk — )• {±1}- 
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In a similar way we establish that M(°)®'^'''''"^(g)H/(fc)M('=) e MF^'^'P'. 
We obtain, using [131 Remarque 6.13(b)] again : 

Then we consider an appropriate (!?^^^'''^-eigenspace to arrive at the 
isomorphism ([27]). □ 

3.2.2. Computation of 3* {Y^''\q°°]) . Let us return to some /c-valued 
point ^ : Spec k Ai^. By a lift of ^ we mean: 

• a point of A^p over a complete discrete valuation ring R with 
perfect residue field k', and 

• an imbedding of k into k', such that the restriction of 1] to 
Spec k' Spec i? agrees with the composition of ^ with Spec k' — )■ 
Spec k. 

In case 5 = (0 x 1) and char(i?) = 0, every lift determines -R[^]-valued 

points on M^'^^ Ep, by applying g^''\ Interchangeably one can think 
of them as objects: 

(28) {y^'\i'''\Q>oX'^'\v^''') 

(k) 

over R, because the moduli spaces M.p are all proper. We need to 

study the c-adic and crystalline cohomologies of these yij'^^s. In the 
rest of this chapter we confine ourself to the case: 

• R = W{k'), and 

• k is algebraically closed in k'. 

If this holds we call rj unramified, we consequently have graded con- 
travariant Dieudonne modules M^''^ = B* {yjj^\q'^]) . Observe that: 

^]i?(3^f ) = D*(3^f [p°°]) = D*(3^i')[q'"]) © D*(3^f [q*°°]) 

which follows from [291 chapter V, Theorem 2.1] and [28] Corollary 
7.13]. The above isomorphisms are L-equivariant and so give rise to 
Hljfiy^)^ — ^<T^ where we use Hlj^{. . . )^ (resp. D*(. . . )^) to denote 
the t" o i-eigenspace of H]^j^{. . . ) (resp. D* (...)), if t is as in fl20l) . Now 
recall our K{k') (g) L-linear isomorphism t^^^p, of lemma 13.11 which by 
passing to the eigenspaces yields an isomorphism: 

(29) Q ® (Mf (g^wik') A Mi''>) Q ® M«. 

W{k') 

Note that the two formulas ( JT71) and ( JT6i) that entered crucially into the 
determinant condition (c) of the modular definition of imply 
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immediately that the two p-divisible groups ^q^^ = 3^,^^^ [q°°] and Q^^^ = 
3^'?°^[l°°] with -operation satisfy the assumptions of lemma [3^ 

Lemma 3.5. Assume that p > k + 1, and letrj G M.'^^^\w{k')) be an 
unramified lift of ^ ^ A4^p^^\k). Then there exists a k-valued point, 
say (F^^^\i(*^),Q>oA(^),f/('^)) on mI!'\ such that: 

(i) m a Uft o/(rf \.('^),Q>oA(^'),r7W) 

(ii) there exists an isomorphism of graded k-Dieudonne modules: 

W{k) 

which induces t^^^^^, when base changed to K{k'). 

Proof. Let us write Y^^\ ^'^^ y'^!^^ fo^' the special fibres of 

and 3^,^'^^ Let us assume for a while that k' = k, in which case 

clearly Y^J^^^ = Y^''\ and t^^l^^^^ = t^^cris,^- ^^^^ ^'^ is check 

that the isomorphism (!29l) preserves 0-structure and the iy(A;)-lattice. 

We begin with the 0-structure. Let us regard the collection of maps 
^IjdRa ^s ^ single element, say t^^l^^, in the filtered i^(/c)-isocrystal 
Q ® M, where M is the filtered pi^(A;)-module: 

W(k) 

First of all we have TpJ^i*'^ [q°°] = U{M^^^), by Write 

k 

for the q-component of m^^^^ ® l^- By lemma 13.11 part (i), it is 

Gal(ii'(A;)"'^/iir(A;))-equivariant. However, exposing t^'^^^q to the func- 
tor 

? ^ Fif HomK(fc)(Q®?, B,risiK{kD)'^=' = Q ® f/(?), 

gives m^'^q too, by proposition l3.2[ Therefore t^^lj^ ^ is actually contained 
in the Gal(i^'(/c)'^^/i^'(fc))-invariants of the space 

Fif Homx(fc) (Q ® M* , B^hs {K{kY')f=\ 
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As all Gal(K(A;)"7ir(A;))-invariants of 5cris(K(A;)"") are in K{k), we in- 
fer that tj^^^ q is contained in Fif RomK(k)iQ^M* , K{k))'^=^, which is 
precisely the set of homomorphisms from (^j\^(o)®^('=''^ ^)*'^w{k)Aw{k) ^^^^ 
to M^''\ as filtered isocrystals. 

Now write Ni''^ C Q®M^^^ for the image lattice of t^^l^ „ ■ By lemma 
I3.4l this is a graded object in MF^"^'"^ and there exists a p-divisible group 
Gq'^ /W{k) with Ci^-operation such that D*(^q^'') = N^''\ moreover as 
N^''^ is isogenous to M*^*^) there is a canonical quasi- isogeny: 

This quasi-isogeny induces an isomorphism: 

which one sees by applying U to both A^'^'^^ and M^'^'' . It follows that / 
is an isomorphism, so that N^'^^ = M^''\ 

We now come back to the case of a possibly smaller field k. As 
we know the result over k' all we have to do is check that t^'^ln^ and 

Y^^'' are defined over k. We begin with t^^\ji^'- Observe that the objects 

Mi^'' and m'^'^ have natural Vr(A;)-structures, say M^l. and M^^^ when 

regarded as non-filtered Dieudonne modules. Using ^ this carries 

over to a iy(A;)-form M^l of m'!^\ Let us denote the corresponding 

p-divisible groups by l^*^'^'' [q°^]. The existence of t^^),ris^a then trivial. 

To finish the proof we have to show that the fc-form y^*^'^^[q°^] just 
exhibited comes from a fc-form of y'^I^\ To this end consider the 

Gal(i\:(fc')"7i^(A;'))-operation on Hi{Yj,^^ ^K(k')K{k'Y'',Z^). It factors 
through the quotient Gal(/c"'^/A;), because the (mod p)-reduction of 
Yi^^ is just Y^^'^ Xkk'. Consequently the Gal(ir(A;')"7i^(fc'))-operation 

on Hi{yJ;''^ ^K(k') K{k'y,Zi) factors through Gal{k"'''/k) too, by part 
(i) of lemma 13.11 By using a theorem of Grothendieck p3| Proposition 
4.4] we deduce the existence of an abelian variety A over k together 
with a p-isogeny f : A X/. k' ^ Y^ , i.e. the abelian variety is 
isotrivial. Now note that the map D*(/) from B*(Y^^^) = W{k') (g)vK(fe) 
(©.^c5 © (©.^£V)) to W{k') <^w(k) W(A) is defined over W{k) 
by lemma [3T6] below. This provides us with 1^*-'^'' = A/ ker(/[p°^]). □ 
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Lemma 3.6. Let k' be a perfect field of characteristic p. Let k G k' be 
algebraically closed in k' . Let Mi and M2 be effective W {k) -isocrystals . 
Let f : M[ — )■ be a morphism where M[ and are W{k')- 
isocrystals obtained by extension of scalars. Then f preserves the 
W {k)- structures of M[ and M2 and therefore induces a unique mor- 
phism / : Ml — )■ M2 . 

Proof. Assume for a while that k' and k are algebraically closed. Let 
d = max{ranki4/(fc) Ml, rankT4/(fc) M2}!, and write Jj C Q ® Mj for the 
K(¥pd)-vectoY spaces ^^{x G Q Ml\(j)^{x) = p^x}. It is well known 
that these are i^'(Fpd)-forms of both Q (g) M- and Q (g) Mj. However /' 
sends Ii to I2, and therefore it sends Q ® Mi to Q (g) M2. Evidently 
Mj = M/ n Q (g) Mi so /' restricts to a map / from Mi to M2. 

Now let k' be arbitrary, and let k'"''^ be an algebraic closure of k'. Let 
also k"''^ be the algebraic closure of A; in A; By the preceding argument 
we know already that / "''^ : M^"''^ — >■ Mg"^*^, the scalar extension of /' 
to W{k "■'^), preserves the Vr(A;"'^)-structures M""^ and Mg*^ on M-^^'^ and 
Ma"^ As = fc' n A;'"" we get Mi = M^" n M[ so this suffices. □ 

4. F^^) IN Characteristic p 

In this chapter we study the integral properties of Y'^^\ we show that 
our map can be extended into characteristic and we show further 
that the map so obtained preserves isogeny classes. 

4.1. Displays and their Crystals. Let p be a prime, let i? be a 
iy(Fpr)-algebra. We assume that it is p-adically complete and sepa- 
rated, i.e. that R — )■ YmvR/p'R is an isomorphism. In [39j displays and 

Sn-displays were introduced. We need to endow them with gradings: 

Definition 4.1. Let P„ and be W (R) -modules for a G Z/rZ. A 
2r + 2-tuple {P„, Q„, F, V~^) is called a Z/rZ-graded 3n-display (resp. 
display), if {P,Q, F,V~^) is a 3n-display (resp. display) in the usual 

sense where P = ©^gz/rZ-P'^' Q = ®a£Z/rzQ<^ ^ 
homogeneously of degree one, i.e. 

F:P,^ P.+i 

and 

y-^ ■ ^ p.+i. 

We write Endi4/(][r^^)(P) for the ring of endomorphism that preserve the 
grading and similarly for IIomvi/(Fpr)(-, ••)■ 
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Remark 4.2. One has graded versions of the usual properties, for ex- 
ample: 

• We have InPa C Qa C P^, where Ir denotes the kernel of the 
0th ghost map. Moreover P^- is a finitely generated projective 
module and Pa/Qa is a direct factor of P„/IrP„. 

• From (i?)-linearization of F we obtain a map of W^(-R)-modules 

(30) : W{R) ^F, W{R) Pcr-l — ^ Pa', W ® X ^ W ® F{x). 

If pR = then one can consider the pull back of {P^, Qa, P, V~^) 
by means of the absolute Frobenius. Moreover, this graded 3n- 
display has the shape (W{R) <^f,w(r) Pa, ■ ■ ■), and there exists 
a map of 3n-displays, denoted by 

Verp : {W{R) ^p^wiR) Pa-i, . . . ) ^ (0 P., . . . ) 

a a 

in |3ni example 23], which is the map f l5U]) on the underlying 
modules. Notice that Verp shifts the grading by one. 

• every graded 3n-display has a graded normal decomposition 

Pa — Lcr © Tfj 

From now on all displays will be graded. By Zink's theory displays 
have a crystalline nature: Assume that one is given a graded display 
{Pa, Qa, F, V-^) over the ring S with pd-ideal a. Let (Pa,Qa, F, ^"^) 
be the base change to P = S/a. According to ^91 chapter 1.4] one 
obtains a lift of a to W{S), because a has divided powers, moreover 
has a unique extension to a ^-linear map: 

V-^ ■.Qa = Q, + oP, ^ P,+i, 

such that y^^(aPo-) = 0. The structure (Pg-, Qo-, F, V^"^) thus obtained 
we will call a graded triple. Its significance stems from the following 
crystalline functoriality property which is proved in [39| Theorem 46]: 
If p is nilpotent in 5* and if (Pi,o-, Qi,a, F, V~^) and {P2,a, Q2,a, F, V~^) 
are two graded displays over 5* with a morphism of graded displays 
tt(T : Pi,a P2,a over P, then there are unique W {S)-\mea.Y maps 
tto- : Pi,a — ^ P2,a which send Qi.o- to Q2,a, commute with F and V~^, 
and have (mod iy(o))-reduction equal to cto-. 

Proposition 4.3. Let {Pa^\Qij \ F,V~^) be a graded 3n- display, with 

vankniQ'a^/lRP^^^) < 1 for all a. Let Pi^^ = L^^^ © t]^^ be a graded 
normal decomposition. Write 

pW= /\ p(i) = LWeTW, 

W{R) 
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with L^a^ = La^ ®w{R) AwiR) ^^^^ ^'^''^ = /\w(R) '^^^'^ ■ Define maps 
V^-i : L^^) ^ pi^l^ and F : Pi^^^ ^ Pi% by 

(31) V'\xi A ■ ■ ■ A Xfc) = A F(x2) A ■ ■ ■ A F{xk) 

(32) F(xi A • ■ ■ A Xfc) = F{xi) A • ■ ■ A F(xfc) 

i/ien; 

(i) there is a unique extension of to Q^^^ = L^j^ © IrTo^'' 
such that {Pa^\ Q^a \ F, V~^) is a Z/rZ- graded 3n- display, with 
graded normal decomposition L^^^ © T^'^^ . 

(ii) {P!/'\Q^a\ F,V~^) is independent of the choice of the normal 
decomposition, ■* © Ti^'* . 



Moreover, if rank ji{Qio / 1 RPao ) = for at least one ao, then P^^^ 
display. 



IS a 



Proof. Note that InTa^^ = Ij^ ®w{r) Ta^\ Hence we are allowed to 
define the operator V^^ on it by the formula V~^{^ wx) = wFx, for 
w G W{R) and x G Ta^'K It is evident that F and V~'^ thus de- 
fined are -^-linear maps on P^^^ and Q^''\ satisfying V~^{^wx) = wFx. 
It is also evident that P^''^ is a finitely generated projective W{R)- 
module and that P^'^^/Q*'^'' is a projective P-module. Now consider 
the operator U : P^^^ — )■ P^+i defined by on L^^ and by F on 

Ta^\ According to [2Sl Lemma 9] it is a ^-linear isomorphism (in 
fact Z/rZ- homogeneous of degree one), as is therefore the operator 
U : Pi^'^ -> P^% that we define by U{xiA- ■ -AXk) = U{xi)A- ■ ■At/(xfc). 
It follows that V'^ : qI^^ P^^ 

^ is a -linear epimorphism, because 
U{1 + t) = 1/~^(/ + ^lt). This shows P^'') is a graded 3n-display with 
normal decomposition L^''^ © T^'^K 

In order to check the second assertion just notice that Q^'' is gen- 
erated by the elements of the form Xi A ■ ■ • A x^, where Xi G and 
X2, . . . G Pa^\ Finally it is clear that the nilpotence condition for 
p{k) jg grajited if some L^aJ is 0, because the image of : P^o+i ~^ 
w{R) P^Q^ is contained in pW{R) 0f,w{r) Pio^ then. □ 

Remark 4.4. Let z : P — )■ P' be a homomorphism of iy(Fpr)-algebras 
which are separated and complete with respect to the p-adic topology. 
Assume the graded display {Pa^\Qa \ F,V~^) satisfies the assump- 
tion of proposition 14. 3[ and thus gives rise to unnormalized graded 
exterior power displays {Pa''\Q^a\ F,V~^). Then, the same is true 
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for its base change {Pj-^\Qa^\ F,V ^) to R', and it gives rise to 
{Pa^\ Qa'^\ F, V^^), with a graded normal decomposition of the form: 
L?) = W{R') ®vK(i?) d^'' and tJ''^ = W{R') ^w{r) Ti^\ i.e. the base 
change to R! of (Pi*^\ gi^\ F,V-^) is {P'}^\ Q?'\ F, We will fre- 

quently use this for the special case where R' = R is a Fpr-algebra and 
where i is the absolute Frobenius. 

(k) 

In the sequel we call Pa the unnormalized graded exterior power 
display to Pa^\ The category of displays is an additive category, but 
observe that our rule to produce Pi'^'* from P^^^ is not additive. However 
at least it is functorial in the following sense: 

Proposition 4.5. Let P^^^ and Pj^j be graded displays over R, both of 
which fulfill the assumptions of the previous proposition (N.B.: we do 
not assume iimkR{Q'(l/ IrP[^)^) = rank rIQ'^^I / ^rHII))- Let 

. p(i) ^ p(i) 

"cr • -'1,0- ^ -'2,0- 

be a homomorphism between them. Then: 

(i) the graded W{R) -linear map 

a^^ : P^S ^ Pi'j; x,A---Axu^ a«(a;i) A . ■ ■ A 

is a homomorphism of graded displays too. 

(ii) Assume pR = 0. If P}^} = W{R) (S)f,w{r) ^2,a-i and a^^^ = 
Ver {1), in the sense of [39l example 23] then the same holds 

for p[^l and a'^^\ 

(iii) Let t/^-* be the graded triples of P/^^ over some pd-thickening 
S R in which p is nilpotent. Let a'^^ be the (by [391 Theorem 
46] unique) morphism of graded triples that lifts a^a\ Then 
As ^/ct graded triples of P- '^ over S, and 

k k 

: A^S ^ A<^5 XI A ... A a:. A • ■ ■ A &^^\x,) 

s s 

is the morphism of graded triples lifting a'^^ . 

Proof. The proof of the previous proposition discloses that Q^il is the 
Vr(P)-submodule of Pi''} that is generated by the elements xi A X2 A 
■ ■ ■ A Xk where Xi G Q'^iI and X2, ■ ■ ■ ,Xk G Pi^^- is clear that a'^^ 
maps this into Q^^^l, and equations (!32|) and (!3T|) show it commutes 
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with F and V^^ , showing (i). 

Now (ii) follows from equation (132|) , together with the description of 
the V^er (fc)'s in ( l30l) . Statement (iii) is immediately clear. □ 

Remark 4.6. Fix a graded W {Wj-modvle P'^^^ such that Pi°^ is projec- 
tive of rank one together with ^-linear isomorphisms: 

We will call this a "multiplicative display", following [391 example 16]. 
In the sequel we frequently need to twist and untwist displays by this 
kind of modules: If (Po-, Qo-, P, is a graded display, then so is 

(Pi°^ ®w{R) P<T-,Pf^ ®w{R) Qcr,P, ^"^), where for every xq e Pf^ the 
operators P, and act as: P(xo ® x) = F{xo) ® F{x), if x G 
Pa, and V~^{xq ® x) = P(xo) V^^{x), if x G Qa- In particular, if 
{Pa^\Q^a\ F,V^^) satisfies the assumptions of proposition 14.31 and if 
{Pa, Qa, F, V~^) is the unnormalized graded exterior power, then we 
call 

{Pi<-^^^'-' P., P^^-'^'^-^ ®^(^) Qa, F, V-^) 

the normalized graded exterior power. 

4.2. Exterior powers of formal groups. From now on the ground 
iy(Fpr)-algebra R is an excellent local ring. 

Fact 1. The functor BT from displays over R to p-divisible formal 
groups over R, as constructed in [391 chapter 3], is an equivalence of 
categories, cf. [321 Theorem 103]. Giving an operation ofW{¥pr) on 
BT{P) is equivalent to giving a Z/rZ- grading on P, in the sense of 
definition \4.1\ 

Fact 2. The tangent space of the formal group can he canonically re- 
covered from the display by 

Ue{Bri^Pa))a = Pa/Qa, 
a 

where a subscript o G Tj/rT, means the eigenspace with respect to the 
W{¥pr) -operation. 

Fact 3. Assume pR = 0. Then the natural isogeny: 

BTiVerp) : BT{@Pa-i) ^r,fR^ BT{QPa) 

cr (7 

is identical to the Verschiebung of the p-divisible group, by virtue of 
[391 Proposition 87]. 
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Fact 4. The result [39^, Lemma 93] tells us that the Lie-algebra of the 
Grothendieck-Messing universal vector extension can be recovered as: 

cr 

this isomorphism is compatible with the natural projections to the left 
and right hand side of the isomorphism in fact 

Fact 5. Let S ^ R is a pd-thickening in which p is nilpotent. Then 
by [39, Theorem 94] the (mod Is) -reduction of a lift of ^^Pa to a 
triple over S is canonically isomorphic to the S-value of the crystal to 
i3T(0^ Pa) as defined in Messing 's book [29] , 

Let us derive some consequences for p-divisible groups of the kind 
gik) = BrmP^% where P^'^ = p(o)«-<«)^-^ ^^^^^ ^^^^^^pi^^ is 
the (normahzed) exterior power as in proposition 14.31 . (remark I4.6p . 
Fact m gives a specific isomorphism, say: 

k 
R 

and it has the feature that it induces an isomorphism: 

k 

Lie(6f(°))^'-' ^j,/\Ue{g^'\ ^ Ueig^%, 

R 

Let us pin down the crystaUine nature of m^a"^: 

Lemma 4.7. Assume that R is a mixed characteristic complete dis- 
crete valuation ring with uniformizer w and perfect residue field k. 
Consider two graded displays [Pj^]^ ,Q[^1, F,V~^) , (i G {l,2}j as in 
proposition and let {Pj^^J , IjiPj^'^J , F,V~^) be displays of the kind 
considered in remark Let Qf''' /R be the p-divisible formal group 
corresponding to the normalized exterior powers [Pj^'^J jQ'i''^, F,V~^) , 

with W{¥pr) -action, of course. Write for the special fibre over 
k. Assume that there is a K{¥pr)-linear quasi-isogeny 

e Roml^^^^^iWik) ^w(R) Pi'\ W{k) Pf ), 

and an element 

G Hom?,(],^,)(iy(fc) (^w(R) Pi'\W{k) ^wiR) Pi'^) 

and let 

a(^) e HomO,(^^^)(l^(fc) ^^iR) Pt\ W{k) ^wiR) Pf ^) 
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be induced by part (i) of proposition \4-5\ on the functoriality of the 
unnormalized graded exterior power, composed with the action of a^^\ 
Then the diagram 

commutes for all a , where the vertical maps are obtained from BT{a^^^) E 
YLoml^^^^^{G^l\Gf^), Sr(«W) G Hom°,(,^,)(Gf\Gf ), andBTia^'^^) G 

Hom^^-j^jr ^)(G'i'^'', by using the crystalline functoriality of Hf^ in 

the sense of Grothendieck- Messing. 

Proof. Without loss of generality we assume that 0;'-°^ is an isomor- 
phism, because multiplication by a scalar in K{¥pr)^ does not change 
the statement. For the same reason we assume without loss of general- 
ity that ai-^^ comes from a graded homomorphism from W{k)®w(R)Pi^l 
to W{k) ®VF(R) P2I f^c^ lifts say 

7^') : W{R/pR) ®w{R) pS ^ W{R/pR) ^wiR) P^l 

over the artinian ring R/pR, cf. [39l Proposition 40]. By proposition 
14.51 there are associated morphisms 7^*^^ between the W{R/pR) 0w{r) 
p/^^'s. Now S = R/w^R — )• R/pR is a pd-thickening, if p divides . 
Let us fix such a j. Then we get a map of graded triples: 

7^'^ : W{S) ^wiR) pS ^ W{S) ^w(R) Pff, 

induced from 7ct^'''s action on the displays over R/pR. Passage from 
W{S) to S, as in fact HI brings us to the maps 

^ (mod Is) : i^f (^f ^ S). ^ Hf{gi'^ ^)., 

which agree with the ones defined by the procedure in [29], recall that 
^ x^ S is i3r(0, ®vK(i?,) P/,?). However, the diagrams 

w{S) ®wiR) (p(f ®^(^) A^(H)<^) ^ ^(5) pS 

W^(^) ^vv'C/j) (p(f ®^(^) Aj,(^) Pg) W{S) ^wiR) P^} 
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do commute, which one sees by applying part (iii) of proposition 14.51 

to the graded displays W{S) ^w{r) {Pi J ®w(r) Pi,J)- If we let 

j tend to oo we get the result. □ 

4.3. An Extension Theorem. Before we state our theorem on the 
extension of Y^^'^ over A^p*^^^-*, we would like to say that there has al- 
ready been a lot of activity in the subject of extending abelian schemes 
over higher dimensional base schemes by C.-L. Chai, G. Faltings, O. 
Gabber, A. Grothendieck, J. Milne, B. Moonen, A. Ogus, M. Ray- 
naud, A. Vasiu and many others, we certainly do not pretend to prove 
anything new in this section. Let us begin with some rather trivial 
remarks on the local structure of the integral model Ai'^^^^: We fix a 
closed point x G A^p°^^^ and write = C^(oxi) ^ for the local ring. 
Let k be the residue field of Rx, it is naturally a finite extension of 
Oe/P = IFp"-, write ^ : Specfc — )■ M.'^^^^ for the associated morphism. 
Assume that (T.l) holds. When writing Lie(. . . )a (resp. Hf^{. . . )a) 
for the r°" o 6 o *-eigenspace of Lie(. . . ) (resp. Hf^{. . .)) we have 

rank^, Lie(yi^)). = <| " " ^ ^ ^ , rank«. Ht\Y^'\ = n, 

for all CT G {0, . . . , r — 1}, where Yx^'^ is Y^'^'> x_^(oxi) Rx- 

Let also Rx be the completion of Rx at the maximal ideal m. Accord- 
ing to the Serre-Tate theorem we have the following description of the 
deformation functor prorepresented by Rx'- It sends G nil to the 
set Defox.(A) of deformations of G^^q := y^*^^''[q°°] as a p-divisible group 
with Oi^^-operation. We put ^i|q = y'i^^[q°°] for the universal deforma- 
tion over it, where fi^^ = Fi^^ 

X Rx Px ; and similarily for ^i^^q . 
Again we need to shift from cohomology to homology now: Suppose 
that f] : Rx ^ R is a characteristic lift of ^, then we have 

where the notation is from fl251) . Let us therefore write rn^^^j^^ for the 

i?[^]-linear map which is obtained from t^^\p!^ ^ by transport of structure, 
as in ffrg]) . 

Theorem 4.8. Assume that the data L, V'^^^^\ and I are un- 

ramified at some prime p. Assume also that the condition (T.l) in 
section \3.B is valid. For all k = 0, . . . ,min{n,p — 1} the following 
holds: 
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(i) The map g^''^ : M^^^^^ — )■ M^''^ extends to the whole of the 
integral model A4^^^^ and therefore gives rise to an extension 
of the abelian schemes Y^^'' over 

(ii) For every closed point x there exist Z / rZ- graded displays Px]l 
and Px^l over together with Ol^, -isomorphism 

where Y^ = x^(oxi) Rx- 

(iii) For every characteristic lift rj : R^ — )■ R, the isomorphism 
rrSxJj from the graded filtered module 

Hf{Y^)[cC-])T-'-' /\Hf{Y('^[q-])^ 



to the graded filtered module 

obtained from (ii) together with the considerations in section 
4-^ induces m-^^^^j^^, when base changed to R[^]- 



Proof. Pick a closed point x. Let Q^^^* and be the duals of 

the p-divisible groups and ^i°q. According to fact [1] we may 
pick two graded displays Pi|^j over Rx (unique up to unique isomor- 

(k) (k) 

phism) corresponding to the Gx,q*^^ for A; < 1. Write PxJ for the 
normalized graded exterior power 3n-displays, which we are allowed to 
form by proposition 14.31 and remark IT6l Write ^^^q* = }3T{^^ Px'^}) 

(k) 

for k > 2, and let Qx,q be the Serre-dual. Choose an isomorphism 
Rx — W{k)[[si, . . . , Sd]], let k' be the perfect closure of the pure tran- 
scendental extension k(ti, . . . ,td), and define n : Rx ^ W{k') by 
f^iSj) =p[tj]. 

We next study properties of the contravariant Dieudonne modules 

of the groups ^i^q = ^i^q ^ W{k') and of their special fibres G^^^l^. 
We start with the observation that: 

W(k') 
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Here is a proof using only first properties of displays: The techniques 
of Mazur and Messing produce the usual comparison isomorphism 

of filtered Vr( A;') -modules, if one combines p8l proposition 7.12] pSf 
proposition 5.1] and |2Hl proposition 8.7]. From remark it is clear 
that we have a canonical diagram of W {k')-mod'ales 

Lie(C)^'"''"'®H^(^')AW')Lie(C)- Lie(^S-). 

We only have to check that the upper horizontal map respects the 
various Frobenius operators. We have to think of them as the maps 
which are induced from the various Verschiebungen, according to fact 
[3] these are given by: 

BT{Verps) Xkk' : G^^^, Xk',r k' G^^^., 

where the graded displays Pf^} = p^(°j®^<'=' ®w{k) A^(fc) -^^a over 

the residue field k stand for the special fibre of the Px'^J^s. We can now 
deduce the desired Frobenius equivariance from lemma 14.71 and part 
(ii) of proposition 14.51 

We next apply lemma 13.51 to the unramified lift k. Associated to 
it we have the point {Y^^''\ t^^\ X^''\f]^''^) e M^^\k) with mIj'^ := 

W{Y^'^\i:\°°])^, and a t^^^ris^a ^i^d a Combining this gives: 

W{k') ®wik) D*(rf^[q°°]).^ 

k 

W(k) 

W{k') ^w(k) ^*(G^'X- 

Again it is fairly easy to see that this isomorphism is truely defined over 
W{k), compare everything with any 14^(fc)-valued lift of ^ for example, 

or just use lemma [3^ hence F^*''''' [q°°] = G^ q. 

" (k) 

We obtain immediately an abelian scheme Yx over Defo^, by de- 
forming Y^'^\ Clearly it inherits a polarization and a O^-operation 
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from the corresponding data of ^i^q and Y^'^K Finally the level K'^'^''- 
structure r]^''^ lifts uniquely from i^^'), A^'^)) to A^^)) by 

the rigidity of etale covers. In so doing we manufactured a Rx-vslued 
point of Ai^''\ extending the point g^''^ o k. With the usual methods 
one completes the proof of (i) and (ii), please see P, proof of theorem 
5.4] for example. 

Assertion (iii) can be dealt with by a continuity argument: Using the 
Baire property one can choose a family of embeddings Li : K{k') — t- C 
such that Li o K converges in the complex topology to l^o ° V where too 
is some embedding of R. The natural diagram 



commutes by construction of Yx^\ If we pass to the limit we get the 
result for Loo o T]. D 

Throughout the whole work we will retain the notation for the graded 
displays Px'^} over Rx and the map rn^xBT^ where x is a closed point. If 

?7 is a -R-valued lift we will write p!^^} and m'^j^j- for the objects over 
R, and similarly for the fibre over ^. 

Remark 4.9. The attantive reader may have observed that the proofs 
of parts (i) and (ii) of the previous theorem do not really use the deep 
proposition 13.21 nor does the proof of the extension theorem in [6]. 
However, part (iii) does make use of it, and we need it in the proof of 
theorem I4.1UI and in all compatibility statements that build on it. 

4.4. Action of (yf^^^ on Quasi-Isogenies. Let rj : Spec F — )■ M^'^^^'^yiE 
be a geometric point, i.e. F separably closed. Recall that in case 
char(F) = we associated to it a specific C^L-linear isomorphism from 

Ol 

to 

H,{Y^^\±) 

which, upon choosing an embedding F C, could be described as 
m'^^E ® 1^. Observe that Ol = Hr ^"^^ l^t us write T^Yjj^'^ and rn"^} 
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for the r-components of Hi[Y^''\z) and ^^'^s® If, where r is a prime of 
Ol- We need to extend this to the case where char(F) = p is coprime 
to r. To this end observe that the group Aut^(F) of automorphisms 

of F that fix the geometric point r) : SpecF — >■ Aip^^^^ acts naturally 
on T^Y^'^K Observe also that, if 7?. is a strictly henselian local subring 
of F such that r] factors through Spec??., then there is a canonical 
generization map: 



(k) 



%Yr 



(k) 



T,Y^ 

where ^ arises from Spec 7^ — )■ M.p'^^'' by passage to the closed point, 

leading to Spec k — )■ A^p"^^'' where k is the residue field of TZ. Moreover 
for every a G Aut^(F) that stabilizes TZ there is a self-explanatory 
commutative diagram: 



T,Y 



(fe) 



(fc) 



(k) 



(k) 



which we will refer to as the Galois-invariance of =7^, here a e Aut^(A;) 
is the automorphism of k which is induced by the reduction of itIt^ 
modulo the maximal ideal of TZ. 

If k has characteristic it is easy to see that the diagram 



T,Y 



(0)« 



1-k 



1-k 



(1) 



(1) 



(fe) 



is commutative, (pick embcddings F,k "—t- C). Now let ^ be a geo- 
metric point in characteristic p. Let us simply define m^^^ to be the 
unique upper horizontal map rendering the previous diagram commu- 
tative, where F D TZ ^ k is a choice of a characteristic- zero generiza- 
tion. The commutativity of the aforementioned diagram in the equal 

(k) 

characteristic-zero case shows m^ ,. thus introduced does not depend 
on the choice oi F D TZ ^ k. Moreover, the Galois-invariance of =ti 
implies that m^^l is Aut^(A;)-equivariant too. 

We next study what happens to quasi-isogenies. Assume that ^1 and 
^2 are F"'^- valued points on Mp'^^^ . Assume that 



^(OXl) . ^(0) ^(1) ^(0) y 



(1) 
6 
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is L © L-linear and preserves the homogeneous polarizations. This 
quasi-isogeny induces a graded map 

^(Oxl) . p(0) p(l) p(0) p(l) 

By shght abuse of notation we denote by ^ the map which is in- 
duced according to part (i) of proposition 14.51 Similarity we let j. be 
the map that arises from letting 

act on tensors of the form x^'^'^Xi A ■ ■ ■ A Xk- 

Theorem 4.10. Let and ^2 be two points of Ai^^^^^ over the field 
F""^. Let 7^'^^^) be a quasi-isogeny as above. Then there exists a unique 
quasi-isogeny 

preserving the homogeneous polarizations, and inducing the map such 
that the diagram 

KTfO^ p(0) ®W'(F-)l-fc .k p(l) s '"ei'.Br .^(fc)r .opn 

jj(fc)(^(Oxi))[q* 

commutes, moreover 

(k) {k) (fc)-i 

agrees with the map from T^Y^^^ to T^Y^^^ that is induced by g^^^ (^(o^ 1) ) 

Proof. Let rii,ri2 : Speci? — )■ Adf^^'^ be lifts of ^1 and ^2 over a 
mixed characteristic complete discrete valuation ring with uniformizer 
w and residue field F"'^. If we apply lemma 14.71 to the groups Q\^'' = 
^T{®^F'm}<y)-, we get the diagram: 



,(0) «W(F«c)l-fc .k 0(1) \ "'f2.Sr (fc)r 



-(*;) 
X 



cris.a 



(fc) 

' errs. a 



here the symbol 7^,,^-^ ^ indicates the Grothendieck- Messing functoriality 
of the map 'BT(7cri) ^"^^ symbol "yfX^a means the effect of7£]^ 
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and 'Jcrisa tensors of the kind xl~''xi A ■ ■ ■ A Xk- If we compose 
the rows of the diagram with the Hf^ of the maps '■ Q\^'' — ^ 

y^^*^-'[q*°°], and use part (iii) of theorem 14.81 we get the diagram: 

(fe) 

(fc) 

(k) (k) 

All we have to do is check that there exists a quasi-isogeny 1^^ — )■ Y^^ 
that induces the vertical right map of this diagram, and "commutes" 
with the m^^\^s. In case 7(0^^) lifts to a quasi-isogeny between the 

Yi^l^^ X ji Y^P^s over R this is evident, as one can work over the exten- 
sion C D i? to come up with a quasi-isogeny yJ^P — )• Yjjp "commuting" 
with both rn"^^^^ and m^'^^'r. In case 7^°^^) is a product of such isogenies, 
this is evident too. 



In view of the lemma 14.111 below we can write every quasi-isogeny 
as a product of (possibly inverses of) isogenies with deg(7^°^^^) = 
p(n+i)[L+:Q]^x^^ i.e. Satisfying: 

^(Oxl)* Q y(oxi) Q ^(Oxl) ^ p;^(Oxl)^ 

so that we can rephrase the problem as follows: Suppose K'^^'> is a 
subgroup scheme over F"'^ such that 

are O^,^. -linear isogenies with degrees p^^ ^ and -and similarily 

for Y^^'^ [q*°°]- can one find lifts to p-divisible groups F^^^^ [q*°°] , Y^j^^ [q*°°] 
over a mixed characteristic discrete valuation ring R together with lifts 
of subgroup schemes /C^^^ and /C*^°^ with O^^^ -operation? It is quite 

obvious how to lift Y^^\(\*°°], and K^^\ in order to lift y^^^^[q*°°], and 
we use the machinery of the local models of [35]. In the case 
at hand M^°'^ decomposes into a product of M^°'^ parameterized by 
the elements a G The functor which the factor M]^'^ represents, 
can be described as follows: Write (9^^ = A ® B with rank^^^ A = 
k, ranko^^ B = n — k. Then over S/ SpecO^;^ the points consist of 
quadruples {tA, 4>A,tB, (Pb) where tA and ts are Og-modules, and (pA 
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and (f)B are C^-linear surjective maps from ^Osp to Ia and Ib 
such that: 

• tA and tB are projective of rank n — 1 

• the kernel of (pA is mapped into the kernel of 0^ under the map 
on O^^ defined by the A(BB3a + b\—)-a + pb 

• the kernel of 0s is mapped into the kernel of (pA under the map 
on defined hy a + b ^-^ pa + b 

Observe that M^"'^ is naturally a subscheme of P^"^ x Pq"^, let us 

write {ti, . . . , tn) for the coordinates of the first factor and (si, . . . , s„) 
for the coordinates of the second factor. This should mean that Ia {tB) 
is the quotient of ^Osp by the Os module generated by the 
element (ti, . . . , tn) (resp. (si, . . . , It is easy to see that the open 
subset of M^"^ where one of the induced maps ker(0^) ker(0s) or 
ker(0B) — )■ ker(0yi) is an isomorphism, is actually smooth. The rest is 
covered by the Zariski open sets {sj^i^ 7^ 0} where i/ < k < /i. On this 
set Ml°^ has the equations: 

ti — ti,, . . . ,tk ti/ 

Sy Sl/ 

_ tk+1 _ ^ 

Sk+1 — ~T Sj^, ■ ■ ■ , Sji — ~I~^IJ- 

^fl ty 

This is because the above equations are equivalent to: 

{ti, . . . ,tk,ptk+l, ■ ■ ■ ,ptn) = —{Si,...,Sn) 

Sl/ 



and 



(PSI, . . . ,pSk,Sk+l, . . . ,Sn) = -^{ti, . . . ,tn). 



So this affine chart is the spectrum of the factor ring of the polynomial 
Cfip-algebra in the n + 1 variables 

Sl Su-l Sfj, Sk tk+1 t^-i tu tfj,+i tn 



) ) ), 

Sl/ Sl/ Sl/ Sl/ Sl/ ijj^ 

by the ideal generated by the single element — p, and is therefore 
fiat over C^p. Therefore the requested hfts do exist. □ 

Lemma 4.11. Let k be a perfect field of characteristic p, and let M — 
®(j&/r7. -^o' ^ 1^1 r^A- graded Dieudonne module over k, such that 

dimfcM^+i/0(M^) < 1 



CONSTRUCTION OF ABELIAN VARIETIES WITH GIVEN MONODROMY 51 



holds. Consider a Z/rlj-graded Dieudonne suhmodule C such 
that the lengths of the W{k) -modules M^j/N^ are finite and independent 
of a. Then at least one of the following two assertions holds: 

(i) pM„ C N„ for all a 

(ii) is contained in at least one other Z/rlj-graded Dieudonne 
suhmodule K„ C such that the lengths ofK^/N„ and M„/K„ 
are non-zero and independent of a. 

Proof Notice that length^(fc)(M^/A^^) = length^y(fc)(M^+i/A/'^+i) < oo 
implies length^(;,)(Ar<,+i/0(iV^)) = length^^(;,)(M,+i/0(M^)) < 1. 
Suppose that (i) does not hold, consider the Z/rZ-graded Dieudonne 
suhmodule iVo- = N^+pM„, observe that the numbers lengthyi/(fc)(Mo-/iVo-) = 
hcj may depend on o", but let us assume without loss of generality 
that they attain their minimum for a = 0. In view of the note above 
it is enough to look for Z/rZ-graded subcrystals K„ D A^^-: Start- 
ing from = Nq = Kq we proceed by downward induction. Since 
length^^(;,)(Mj(M,n0-i(ir^+i)) < while length^^(;,) (MjiV,) > 
we are allowed to choose some Vr(A;)-submodule K^j sandwiched be- 
tween Nfj and M^- fl and satisfying length^(-^)(Mo-/_ft'o-) = 
ho. □ 



5. Endomorphisms 

In this chapter we study the relationship between the endomorphism 
algebra of Y^'^'^ and the endomorphism algebra of Y^^\ In the special 
case of a /i-ordinary point ^ this subject was touched upon in [6], section 
6], but here we want to be more general. However we continue to 
assume that ^ is a point with values in the algebraic closure F"'^ of Fpr . 
Our aim is to construct a canonical ^-preserving map of L-algebras: 

(33) opf : sym^(End° (yf ))) ^ End° (yf )), 

where the left hand side acquires an involutive L-algebra structure 
through the natural embedding into End° (1^''^^)®-^'^. Our tools are the- 
orem 14.101 and lifts into characteristic 0. Observe that passing to the 
r-adic or crystalline homology theories gives maps: 

(34) symt(Endl(T«)) -> End° jrf,)) 

(35) sym^(,p-^^-)(End5i-(Fac)[^r](P^^o'*)) ^ ^'^^^K{¥<^'^)[F-^]{Plfi) 
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here we write T^'^J = T^Y^'^^ '^^'^ ^Ol^ Aol ^r^/^^ ^"^^ 
vention that a tensor 

/ = 5^ ®Q ■ ■ • ®Q u e EndQ(v)««^ 

V 

where V is some Q-vector space, acts on V ®q ■ • ■ ®q V by mapping 
an element of the form Xi ®)q ■ ■ ■ ®)q to the element determined by 
the formula 

X] ^l(^l) ®Q • ■ ■ ®Q fu,k{Xk) eV ®q---®qV. 

V 

If the tensor / G Yxyd^Qiy)®'^^ lies in symQ(EndQ(\^)) i.e. if it satisfies 

/ = ^ fv,-K{\) ®Q - ■■®Q fuMk) 

V 

for all permutations tt G 5*^, then it is easy to see it preserves all the 
^fc-eigenspaces of V ®q ■ ■ ■ ®q V, and in particular we get a map 

k 

sym^(EndQ(\/))^End(/\V). 

Q 

Using these conventions we can state: 

Proposition 5.1. Let ^ be as above. Then the algebra maps 

(36) opf [r-] : symijEnd°^(F/^) [r^])) ^ End° jFf ^[r-]), 
and 

(37) opfiqn : sym^^. (End°^, (F/^^ [q*°^])) ^ End°^. (rf ^ [q*°^]), 

which are obtained from ([31]) and fl5^ . send i/ie subalgebra sym^ End5^(y^*'"'^'') 

mto End?^(y^^''^), moreover the mapping so induced does not depend on 
r or q*. 

Proof. Let us start with the observation that the restrictions of op^^"^ [r°°] 
(resp. opf\<:\*^]) to the algebras End°(Y'^^^^) ®l Q define maps: 

sym^(End° (r/^))) 0^ Q ^ End° (Ff ^) ®l Q, 

for Q G {Lj,Lq*}. One can see this as follows: Pick some large fi- 
nite field k C F'^^ over which ^ is defined, and to which all endomor- 
phisms of all ^^'''^^'s descend. Over this field T^''^ acquires a Gal(F°'^/A;)- 

operation (and the P^'^^^s over F"'^ descend to displays over k), more- 
over the maps m^^^ : T^'f — )■ T^Y^''^ are preserved by the Gal(F"'^//c)- 
operation (resp. rn^^^j- descends to W{k)). By Tate's theorem (cf. 



CONSTRUCTION OF ABELIAN VARIETIES WITH GIVEN MONODROMY 53 



[36] ) we deduce that op^ [t°°] sends elements in sym|(End^(y/ 0), 
being Gal(F"'^//c)-invariant, at least into End° (F^*-'^^) ®l Lr, and the 
same holds for op^^\q*'^]. 

In order to complete the proof of the proposition it suffices to consider 
the elements / (g)^ ■ ■ • ®l /, this is due to 

vre5fc zc{i,...,k} uez uez 

Let us write q : End° (f/^^) ®l Q ^ End° (f/''^) ®l Q for the compo- 
sition of / h-). f ®L ■ ■ ■ ®L f with one of op^^^[r°°] or op^''^ [q*°°] . This 
is a poljTiomial map between two affine Q-spaces both of which have 
a L-form. We claim that the L-rationality of q can be checked on any 
Zariski-dense subset S in End° (F^*'^^), regarded as affine space over L: 
Indeed if q{S) C End^(F^^^^), then a{q)\s = q\s 

for all L-linear embed- 

dings cr : Q — )■ Q"-'^, hence a{q) = q for all a and q has all its coefficients 
in L. 

Finally observe that theorem 14.101 implies that q{f) G End^(y^*''^''), 
whenever f e S = {f e End^(F^^^^)^ |//* = 1}. However, S is Zariski 

dense in End° (l^''^''): One verifies this by checking it is in fact the group 
of L^-rational points of some connected reductive algebraic group, 
whose L-points are End^(F^*'^^)^. Accordingly, the density follows from 
m corollary 18.3], as End° (F^^^^)^ is clearly dense in End° (F^^^^). 

The independence of r and q* follows analogously. □ 

5.1. Isoclinal Points. We need to set up a further Hodge structure V 
of type {(—1,0), (0, —1)} with C^^-operation. Pick some purely imag- 
inary element f G L^. Let the underlying torsion-free C^^^-module of 
V be Ol itself, and let the Hodge structure be given by the M-linear 
homomorphism: 

(38) h:C^EndL{Luy,t^ -L=. 

Let us write X = V^/Ol for the corresponding CM type abelian variety 
and let us write $(x) = tr(a;|y-i,o) for the corresponding CM trace. Let 
us assume that 

(T.2) Card({(T|r" o t e |$|}) = a := f , 
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where w is the integer Cardd^*^"-*! — l^*^*^)!) = Card(r2). A Hodge struc- 
ture (V, h) with this property clearly exists if and only if w is divisible 
by n. Observe that the non-degenerate *-skew-Hermitian pairing which 
is given by 

(39) ^-.V xV ^Q;{x,y)^ tTL/Q{vxy*), 

endows X with a homogeneous polarization Q>oA of which the Rosati- 
involution stabilizes L C End'^(X), this is because ■ip{x, h{i)y) is posi- 
tive definite on Vr. Accordingly, the Weil pairing TX x TX — )■ 2i7TQ is 
a scalar multiple of ip, as is the r"'"-adic one on T^+X = ®o^+ TX, 

where X/F"'^ is the special fibre of a good model of X over Oe^'^- We 

say that a point ^ is isoclinal if 1^''^^ is isogenous to X^", as an abelian 
variety with L-operation up to isogeny. This is actually equivalent to 
saying that the p-divisible group y^^^^[q°°] is isoclinal, as follows for 
example by specializing the result [Ml Corollary 6.29] to our concrete 
situation. 

Throughout the rest of this chapter we fix such a ^, and we also 
bear in mind that the L-space B = Hom° (X, Y^^^) is equipped with a 
positive definite sesquilinear pairing: If an element of i? is given one 
can consider its dual g* = ° ° A*^^^ G Hom° (1^*-^'', X) = B*, where 
B* = B.omL{B,L) is the dual L-vector space. Now set: 

(40) (/, g) = g*ofe Hom° (X, X) = L, 

for f,g & B. It is easy to see that the crystalline and r-adic homology 
theories can be recovered from B by: 

(41) B T,X = Q ® T,r/') 

(42) B®o,Pa = Q®Pl]l 

where is the graded display of X[q*°°]. In fact this means that P^^) 
has skeleton isomorphic to: 

(43) /(I) ^ B ®L,.o* H, 

as H = {x E Q ^ Po\(f)'^ (x) = is the skeleton of Po-- If we pass to 
the exterior powers we get from (HTj) the isomorphism: 

(44) A B (T(f ®o,^ T.X^--'^) = Q ® T^, 

L 
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giving rise to the pleasant formula: 

k 

(45) End°^(T^(t^) = Endi(/\ B) ®l L,. 

L 

And analogously ( H3ll implies: 

k 

(46) End°,(^^^)(/('^)) = Endi(/\ B) ®l,.o. K{¥pr), 

L 

where l'^^^ is the skeleton of P^}- This consideration sets up "natural" 
L-forms of the above algebras. It is trivial to see that in the k < 1- 
case this L-form is nothing else than EndL(y^^'^''). That pertains to the 
k > 2-case: 

Lemma 5.2. The images of End° (F^*-'^-') in End5i:(F^^)(/'''^^) and in 

End°_.(T^^^^'') are equal to EndL(/\^i?) embedded therein by means of 
the isomorphisms (H6l) and (H5l) . This sets up one and only one iso- 
morphism EndL(/\j5) ^ End^(r^^''^). 

Proof. The maps op^'^''[r°°] and op^'^^[q*°°] that were introduced in ( l36l) 
and ( |37l) preserve certainly the L-structures which the isomorphism 
(H5l) and (H6l) exhibit on their source and target. Appealing to propo- 
sition 15.11 we infer that on the one hand the image of op^^^ is contained 
in EndL(/\^i?). On the other hand that image is a L-form of say 
End5^(p ^•)(/*^^''), as its dimension agrees with the dimension of the im- 
age ofopf\q*^]. We get 

A; 

End°(yf )) = opf symi(End° (r/'^)) = Endi(/\5) 

L 

for free. □ 

5.2. Lifts in characteristic p. Let i? be a complete discrete valuation 
ring with uniformizer u, and perfect residue field. Lemma [5.21 makes 
the following definition possible: 

Definition 5.3. Let be an algebraic subgroup ofl]{B/L). A lift 
Tj over R of ^ is said to have a mock -structure if the (injective!) 
reduction- (mod oj)-map identifies End° (F,}'^^) with the subalgebra of 
Y.ndliY^^'^), that corresponds to EndG(AL^) ^ EndL(AL5), for all 
k < min{n,p — 1}. 
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From now on we will always assume that our lifts are R = ¥°''^[[t]]- 
valued ones. 

Remark 5.4. Over the perfect field F"'^ the notion of a display is just an- 
other synonym for "unipotent Dieudonne module" or 'W(F"'^)-window". 
More generally, Zink constructs an equivalence between the category 
of A- windows and the category of displays over R = A/pA, for an ar- 
bitrary frame A, cf. [381 Theoreml.6]. Let us explain the dictionary in 
the context we need, namely the Z/rZ-graded one over A = W{¥°-'^) [[t]]. 
Starting with a graded H^(F'''^)[[t]]-window (Mg-, Mo-,i, 0) with graded 
normal decomposition M^- = (B T„, extension of scalars yields mod- 
ules 

(47) = W{¥-'[[t]]) ® 

(48) Qa = W{¥'"'[[t]]) ®;<,l^(F<«=)[[t]] La © /F«'=[[t]] ®j«,W(F'«: )[[*]] T^, 

where x was explained in ([6]). To define ^-linear operators F and 
on them one proceeds as: 

V^^{a ®>c,iy(F'"=)[[t]] = '^«®><,W^(F"c)[[t]]0l(O 

V^^{^a ®,<,H^(F"<:)[[t]] t) = a ^^,w{¥'^'=)[[t]] 4>{t) 

This is an unambiguous definition as worked out in P5| section 1], and 
the result is a graded display (Po-, Qo-, P, V~^) over F'^'^[[t]]. 

If Tj is understood, then we write m'^'' for the Z/rZ-graded W{¥°''^) [[t]]- 
window that corresponds to the display P^'^} by the above, and we write 
j^^^fe) _ p^) ^Qj, ^YiQ special fibre. It is straightforward to see that we 
have a canonical isomorphism: 

(49) Mi<^'^"^'"'"^"^ ®v.(F^.)M, A mW^M^'^). 

In particular the isomorphism m^'^g^ in part (ii) of theorem 14.81 trans- 
lates into an isomorphism between M^'^ and the window that corre- 
sponds to the p-divisible formal group y!,^\cC^] by [381 Theorem 4]. 
Let us also sum up gadgets from subsection l2.3t We trivialize M.'^'^ over 
the ring extension K{¥"'^){{t}}^ by using the skeleton /'^'^^ we have: 

®w{¥^^)m] K{¥'^"){{t}} = ^^'^ ®Ki¥,r) ir(F-){{t}}, 
with corresponding 

^('^^ G (End;,(F^.)(/('=)) ®Ki¥,r) Q{¥nY- 
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as constructed in l2.3[ According to (l46l) we may think of these elements 
as sitting in: 

k 

(EndL(/\5) ®L,.o. Q{¥^')Y. 

L 

indeed we have 6^^\xi A ■ ■ ■ A Xfc) = 6^'^\xi) A • ■ ■ A 6^^\xk). 

Lemma 5.5. Letri he a lift of^, and let9^^^ G {EndL{B)^L,.o*Q(^''^)V 
be the corresponding Dwork descent datum. Let be the smallest L"*"- 
subgroup of\]{B/L) containing 6^^K Then rj has a mock -structure. 

Proof. Observe firstly, that the image of the map 

End°(yf))->End^(F^.)(/W) 

(coming from m^^^^j-) is Endii/X'lB). Moreover, the preimage of some 
/ G EndL(/\^ B) induces a quasi-endomorphism on the (isogeny class of 
the) p-divisible group Y^'''' [q*°°] if and only if it preserves the W{¥°''^) [[t]] [^]- 

lattice Q ® MfJ*'^ within /(^'^ ^Kiw^^) K{¥''^){{t}}. But by lemma [210] 
one can apply descent theory to recover it as the module: 

Q ® M^') = {xe ^Kiw,r) K{¥'^'){{t}}\ 

6^^\x ®K{¥^<^){{t}},q2 1q(F«=)) = X ®K{¥^<^){{t}},qi 1q(F«=)}, 

where the maps gi,g2 : K{¥''^){{t}} Q(F"'=) are as in ^ and (fTT|). 
Hence Q ® Mq'^^ is preserved if and only if / commutes with 6^^\ 

Observe secondly that /* induces a quasi-endomorphism on the (isogeny 
class of the) p-divisible group Fr)^''''[q*°°] if and only if actually / induces 
an endomorphism on the (isogeny class of the) dual p-divisible group 
y^^*^-* [q°°] . By the Serre-Tate theorem we find that the preimage of / 
lies in the subalgebra End° (l^r)^'''*) if and only if both / and /* commute 

with e^''\ 

By the criterion of lemma lA.H we have what we wanted. □ 

6. Proof of Main Theorem 

6.1. Choice of sym-Structure. Consider our non-zero imaginary el- 
ement V in our CM field L, and our primes q, q*, q^ and p 7^ 2 of L, 
L+, and Q as in definition 11.11 Write E for the smallest subfield of C 
that contains all Galois conjugates of L, and fix a prime p oi E above 
p with residue field, say Fpr. Fix an isomorphism l : L^^ ^ i^(Fpr), and 
write a for whichever is the smaller of Card({(T|Q'(r'^ o l{v)) > 0}) and 
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Card({cr|53(r'^ o l{v)) < 0}). Let {X,X) be a polarized abelian variety 
with complex multiplication by Ol, such that the CM type |$|, satis- 
fies (T.2), and such that the Weil-pairing is equal to (!39|) up to rational 
scalars. 

Now let the data consisting of our n-dimensional L-vector space B, 
positive definite sesquilinear pairing (.,..) and unitary representation 
p+ : ^ \J{B/L) satisfy the f-q-fiexibility conditions of definition 
ll.li Recall the element p{u) coming up in condition (X.2) and write 
it as a direct sum of cyclic unipotents of ranks, say bi + 1, . . . ,bc + I- 
The assumption (X.2) on B implies max{6j|i = 1, . . . , c} < a so that 
the triple z = 2, r and a fulfills the requirements of subsection 12.2. 1[ 
In what follows our ground field is an algebraic closure F"'^ of ¥pr : We 
can choose an example of a sym-structure {Nc^, Ni^^j, ^a) on an isoclinal 
Z/rZ-graded Dieudonne module of integral graded slope a, so that 
moreover: 



dimpac N^/N^^i = { , dimpac M^/M^- 





Furthermore, the cardinality of S is 2; = 2, and the cardinality of Q is 
w = an < r. Finally we invoke the skeletons I and J of Mg. and N^j, 
and the representation 

(50) TT : SL{J/K{¥pr)) GL{I / K{¥pr)), 

as in part (ii) of lemma I2.11[ 

6.2. Choice of Shimura Variety. Our first step is to build the in- 
tegral Shimura varieties Ai^: To this end we introduce the CM types 
and l^^'^)] by means of the equations fl2ip and (1221) . In order 
to complete the list of input data for our kind of PEL moduli prob- 
lems, we have to say what the *-skew-Hermitian modules (V^^\tjj^^^) 
and (V^'^\ip^^^) are like. We prefer to deal with the sesquilinear forms 
i\l>(^) and where \l>(i), \l>(o) are as in IMh. To ease notation we 

denote these forms by (.,..), this will not cause confusion with the form 
on B that was also denoted by (.,..). For each inert place of we 
have a local requirement: 
(L.l) For a real embedding : — j- M the signature of the form 
(.,..) on y« ^L+^,+ R is: 

(n,0) if i G |$(°)| n |<i>(")| 

(n-1,1) if i G |<l>(°)| - |$(")| 
(l,n-l) if 6 G |$(")| - |<I>(°)| 
^(0,n) if t ^ |$(°)| U |<l>(")| 
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where l denotes the unique element in |<l>| with = . 
(L.2) For an inert prime r+ of L"*", there exists an isometry between 
B 01+ and V^^^ Cg)L+ L^+, i-e. an L ®i+ L^-linear map 
preserving the forms (.,..)• 

Let us check that V^^'^ exists. By the local-global principle, all we 
have to do is to prove that the number of infinite places at which the 
condition (L.l) results in a negative discriminant is even. If n is even 
this is clear because the number of these places is w in that case. If n 
is odd we have to compute the cardinality of |$(")| — |$| (mod 2). To 
check the parity note that |<l>(")| differs from \^^^^\ aX w real places and 
that I differs from |$| at a places and that w = an = a (mod 2). 
Finally we choose any V^^^ such that the signature of the form (., ..) on 
M is 

_J(n,0) ifiG|$W| 
~j(0,n) ifi^|$W|' 

where t G |$| extends the real embedding t"*" : — ^ M, as above. Now 
we have M\ = y<OE^Z(p) ^^e,, and = ^Oe, V at our 
disposal. Observe that the above CM types |$'-°''|, |$*^"^| and |$| satisfy 
the condition (T.l) of section [3^ and condition (T.2) of section [5?T1 

Hence we are allowed to use the maps g W : Mf""^^ M^^^ of theorem 
14.81 and the whole machinery of chapter [51 In particular we retain the 
conventions about X[q*~] = BT{®^Pa), H, etc. 

6.3. Choice of Point. The second step is to pick a carefully chosen 
^ G M^'^^^\¥^'^) . We start with the isogeny class B ®Ol It carries 
a L-action 6*^^^ that is stabilized by the Rosati involution coming from 
the natural polarization A^^^ = (., ..) ®l A. We also assign to it a level 
structure rj'^^^ = rj^-^^ K^-^^^ , where 

is any choice of L-linear symplectic similitude, it exists due to (L.2). In 
order to constitute a point in the isogeny class {B®OlX, Q>0'^*-^\ L^^\ri'^^'') 
we have to fix a specific p-divisible group with Oj;,^, -action in the 
isogeny class B ®Ol (use the self-duality to get rid of B ®Ol 

X[q-]). 

We proceed by bringing the results of chapter [2] into play, let us 
therefore pick a homomorphism 

tt' : SL(J/ir(Fp.)) ^ G x^,,,, K{¥j,r){= G+ Xi+,,o* K{¥pr)) 
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with properties as granted by lemma i.e. 

• n' does not factor through any proper L"*"-subgroup of G~^. 

• M is conjugated to an element of the form tt'{v). 

If we base change p to the field K{¥pr) and compose with vr' we obtain 
a representation pon' : SL{J/K(¥pr)) — )■ GL{B/L) X]^ ,^o^K(¥pr) which 
is abstractly isomorphic to (/,vr). Eventually we fix an isomorphism: 

eo : (/, tt) 4 (B ^l,,o* H,po n') 

of SL( J/ _ft'(Fpr))-representations. This gives rise to an isogeny of graded 
displays: 

: Q ® ^ 5 

observe that the displays in question have the same slope. This provides 
us with the requested j9-divisible group 

BTie) : Q ® Sr(0 M,) 4 B ®o, X[q*°°] 
(J 

and hence with a F^'^-point on M^^\ Let finally 

i : SpecF"^ ^ M^"""^^ 

be an arbitrary lifting to the catalyst covering Shimura variety. Let us 
sum up what we have: 

(M.l) The F"'^-valued point ^ is isoclinal and gives rise to the vector 
space over L. This is equipped with a 

positive definite sesquilinear form (.,..), as introduced in (HOl) . 

(M.2) The positive definite vector space in (M.l) is equipped with a 
unitary representation p+ : — t- \J{B/L). 

(M.3) The Z/rZ-graded W {k)-wmdow Ma''^ = P^^ is equipped with a 
formal sym-structure, i.e. there is an isomorphism of isocrystals 
with grading: 

c 

i=l 

with properties as in definition 12.31 

(M.4) The representation vr on the i^(Fpr)-vector space B ®l,lo* H = 
I^^^ (cf. ( H3i) ) which is induced by the map of (M.3) allows a 
factorization of the form p o vr'. Here p comes from the repre- 
sentation in (M.2). 

(M.5) No proper L^-algebraic subgroup of has the property stated 
in (M.4). 

One easily derives the following conclusion: 
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Lemma 6.1. Let ^ G Ai^^^\¥"''^) be a point with the additional struc- 
ture (M.l) to (M.5). Let rj be a lift such that the (according to [381 
Theorem 4]) induced window Ma^^ is a sufficient deformation (in the 
sense of lemma 2.1) of the sym- structure that is given on M„ = P^^^- 
Then t] has a mock -structure. 

In particular, lifts with mock -structure do exist under the assump- 
tions at the beginning of this chapter. 

Proof. Let be a subgroup containing 9^^\ Then lemma [2.111 imphes 
that H ^L,Lo* K{¥pr) contains the group 7r(SL( J/_ft'(Fpr)). However 
(M.5) implies = G+ then. □ 

6.4. Choice of Curve. For the rest of this chapter we deal with our 
main theorem: 



Proof of theorem \1.2[ We begin with the special case B = B'. Lemma 
16. II allows us to pick a lift rj with mock G^-structure. The function field 
of the schematic image of rj possesses some finite extension F C F"'^((t)) 
to which all endomorphisms of all of the Y^'''' 's descend. Let us denote 
the corresponding F- valued point by tjq. Notice that the rigidity of 
endomorphisms implies that Yj^g '^ and Yjj^^ x p F^'^^ have the same en- 
domorphism algebras. 

Let Z be the normalization of Ai^^^^^ in F. Consider a point x ^ ^ 
with residue field K, and let us fix the corresponding (strictly) henselian 
local rings O'^^^, and This gives rise to an isomorphism of 

Gal{K'''P/K) with a certain subquotient Ga^F^/F^) of GaliF'^P/F), 
because Z is normal with function field F. Here, F^^/F^ is the exten- 
sion of the fraction fields of C'l'^^, and O'^^^. Let H^{x) (resp. H^^tiq)) 
be the L^-algebraic groups arising as the Zariski closure of the ac- 
tion of Gal{K'^P/K) (resp. Gal(F^'=^'/F)) on T.Y^^^ Xk K'^^ (resp. 
T^y^^^ F^^P). Observe also that the left hand side specialization 
map in the diagram 

T,r« xkK^^^ 3^ T,r« x^F-^ T,r«, 

(as in section |i3D turns the Gal(ir""P/K)-action into the Gal(F^7F;^)- 
one. The group ifr('7o) commutes with End° (F^*^''), which coincides 
with the preimage of EndG(AL ^) under the natural map 

End°(Ff))->Endl(T(t^) 
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(coming from rrL~^l). According to part (i) of lemma IB. II we obtain 
natural inclusions: 

H,{xy ^ ^t(^o)° ^GxlU- torus. 

If we apply the theorem of Mori-Zarhin (cf. |30j, Chapitre XII, Theoreme 
2.5]) and use part (ii) of lemma [RT] we get 

By a Bertini argument (cf. [19i, Theorem 6.3/Remarque 6.3.18]) there 
exist one-dimensional points x such that -f^ro(x) and iJro('7o) agree, for 
some fixed to- 

Together with G L,.g C -f^ro(^o) this tells us that End° (F^^^^ 
K'^'^^) can be no larger than EndG(-B). We can repeat the argument to 
get 

GxlL,cH,{x) 

as well. Finally Serre's letter to Ribet yields a Galois extension K° / K 
with canonical diagrams 

Gal(ir-7ir) y H,{x){L.) 



that commute simultaneously for all r (cf. [271 Proposition 1.1]). Set 
S to be the normalization of Z in K°, and we are done. 

If B' ^ B one just uses that the projector B © B^ i— )■ i? is in 
End° (rj^)) = EndliYi"^). □ 
The following corollary is noteworthy: 

Corollary 6.2. Let G/Qi be a connected semisimple group, and write 
r for the automorphism group of its root datum (over Q'}'^). Let p : 
G — i- GL(C/Q^) be a faithful, finite dimensional, linear representation, 
and p ^ {2,£} be a prime. Then there exists a polarized abelian scheme 
{Y, A) of dimension smaller than or equal to 

Card(r)2((dimQ, - (dim^, Cf) 

+ Card(r)((l + dimQ^ G)(dimQ^ C)^ - dimQ^ Gdim^^ C) 

over a projective and smooth pointed -curve S ^ SpecF;^^ together 
with an embedding f : C ^ V(Y^, such that: 

(i) the image of f is txi{S,^) -invariant and totally isotropic with 
respect to the i-adic Weil pairing. 
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(ii) the image of the tci{S, operation on C (pulled hack by means 
of f) is a compact open subgroup of p{G{Qi)). 

Proof. We use theorem II ■2[ lemma [B73] and follow the ideas of [3], which 
in the case at hand is nothing but observing that [G, G] = G □ 

Appendix A. Lemmas for finding mock structures 

Lemma A.l. Let {B, (., ..),p'*") be a faithful unitary representation of 
the L^- group G^ with respect to a quadratic extension L/L^ . Let R 
be a L-algebra and let 9 G G^{R) C G1jr{B ®l R) be a R-valued point 
which is not contained in any strictly smaller -group C G^ . 
Then one has: 

EndG(-B) = {/ G EndL(i?)|/ and f* commute with 9} 

Proof. Write G for the right hand side algebra and write G' for the 
commutant. Both are subalgebras of End2,(-B) which are closed under 
*. The inclusion EndG'(-B) C C is clear. For the converse consider the 
L+-algebraic group described by the functor Q i-)- {7 G (C ®l+ 
Q)x|77* = 1}. As ^ G H+{R), we have G+ C . This shows 
G C EndH(5) C EndG(5). □ 

Lemma A. 2. Let G be a connected semisimple k-group, where k is a 
number field, and let k„ be the completion at a place. Assume there 
is a unipotent element u G G{ky) that is not killed by any of the pro- 
jections onto the k-simple factors. Then there exists a homomorphism 
7T : SL2 xku —7- G ^kky which does not factor through any strictly 
smaller k-rational subgroup H ^^k^ of G Xf. k^, and which maps the 

element ^ = ^'^^o the conjugacy class of u. 

Proof. Let Gi, . . . ,Gn be the almost /c-simple normal /c-subgroups of 
G. Write u = ui. . .Un with Ui G Giiky). By the Jacobson-Morozov 
theorem [181 Theorem 3] we may pick homomorphisms VTj : SL2 xky ^ 
Gi Xkku that send v to Ui. Consider tt = vTj. This particular choice 
of TT implies that {g G G{k^)\n{SL2{k^)) C gH{k^)g~^} is nowhere 
dense, whenever if is a proper fc-subgroup of G. By the Baire property 
we deduce that there exists a go such that 7r(SL2(/i;i.)) ^ goH{ki,)gQ^ 
for all such groups H, as there are only countably many. Consequently 
the homomorphism gQ^irgo has the required property. □ 

Appendix B. Lemmas for finding monodromy groups 

Lemma B.l. Let p : G ^ GL(y/k) be a faithful, finite dimensional, 
linear representation of a connected semisimple k-group G where k is 
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a field of characteristic 0. Assume that p contains the adjoint repre- 
sentation on g = LieG and the trivial one. Assume, moreover, that 
H C GL{V/k) is a connected subgroup which commutes with every 
element in EndG(V^) U EndG(Afc Then the following holds: 

(i) H is contained in the product of p{G) with the centre of EndciV) 

(ii) If H is reductive and End//(V") = EndG'(^), then p{G) C H . 

Proof. By our assumption the representation can be written in the 
form V = U (B Q® W, where we write U for the trivial one-dimensional 
representation. Note that all of U ®k Q, U ®k W, /\^ q, q ®fc W are G- 
invariant subspaces of /\^ V. Also, observe that the Lie multiplication 

2 

(51) /\9^U®kQ, 

k 

as well as the map 

(52) g^kW ®kW, 

the derived action on the subspace W, gives rise to G-invariant ele- 
ments in Homfc(/\^ g, U ®fc g) and Homfc(0 0^ W, U 0^ W) which are 
subspaces of Endfc(/\^ V) in a natural way. 

To ease notation we now assume that H contains the scalars, we 
are allowed to do this as scalars act trivially on both spaces Endfc(V^) 
and Endk{/\lV). In order to prove the first assertion we can assume 
p{G) C H too. Now every element h in H{k°''^) commutes with the 
projections onto U, g, and W and hence induces maps hu, hg and hw 
on these spaces. The map hu is just multiplication by a scalar which we 
can adjust to be one. Therefore (|HT]) implies that the map kg = h^^hg 
is an automorphism of g, which due to the connectedness of H has to 
be an inner automorphism. Adjusting by an element in p{G) reduces us 
further to kg = 1. Finally fl52|) forces hw to be g-linear, hence G-linear. 
Such an element lies in EndG(W^), in fact it lies in its centre, because all 
of H commutes withEndG(^). Thus we have shown more specifically 
that H is contained in Tp{G), where T C GL{V/k) is the torus of all 
elements that act as a scalar on each of the G-isotypic summands of 
W, along with U (B g. 

Now we prove the second assertion. Let ()i be the Lie algebra of 
p~^(TH). It is easy to see that f)i, regarded as a subspace of g, is 
invariant under T and p~^{TH), and therefore it is invariant under 
the whole of H. The reductiveness of H tells us that there exists 
a iJ-invariant complement, say P)2- Utihzing EndG(\^) = EndniV), 
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shows that f)i and 1)2 are ideals in g, just consider the projectors. In 
particular f)2] C l)i fl f)2 = 0. Once again, this means that every 
subspace in 1)2, being if-invariant is also G-invariant, which is absurd 
unless i)i — Q. □ 

Remark B.2. The preceding result is certainly not the best one possi- 
ble. For G = SL2 xk, for example one can show that the only faith- 
ful representations which fail the above assertions are the ones of the 
formsym° © • • • © sym° © sym^. For G — PGL2 xA; only sym^ fails. 

Lemma B.3. Let /M^ be a connected semisimple group, where 
is a finite extension of Q^. Let G he a free M -module of fi- 
nite rank, where M is a semisimple -algebra of rank two, and let 
(C, (., ..)c, (7+) be a unitary representation of . Let p ^ {2,£} he a 
prime, and r an integer satisfying 

r > [M+ : Q,] 

r > (Card(r) ^ hdimif + + 1) max{ 1 1,2}, 

where F is the automorphism group of the root datum of (overQI'^). 
Then there exists: 

(i) an isomorphism of quadratic extensions L®l+ L^+ / L'^^ = M/M^ 
where [L+ : Q] = r and is a prime divisor of L 

(ii) an algebraic group G^ / L'^ such that G^ x l+M"*" is the universal 
cover of H'^ . 

(iii) a unitary G'^ -representation {B, ..)b, p'^) of dimension less 
than or equal to Card(F) '^^™^^+ ^ and such that L © LieG © B 
is v-q-flexible, for a choice of an imaginary element v and a 
prime q\p of L, 

(iv) an isometric embedding of unitary G^ Xl+ -representations 
(C, (., (7+) {B ®L M, (., ..)b, p+ Xl+ M+). 

Proof. Choose a number field L"*" of degree r, together with isomor- 
phisms: 

{M u\oo 
K{¥,r) u^q+, 
M+ i/ = r+ 

where q'^\p and are fixed primes of L~^. Now write for the 
simply connected cover of H^, and write YYi=i -^^^Mi/M+^i for the 
canonical factorization of into Weil restrictions of absolutely al- 
most simple groups Hi/ Mi. Pick further totally real field extensions 
Li, . . . , L„ of L+, together with isomorphisms Mj = Lj -L^ which 
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restrict to the previously chosen one on M"*". In each of these choose a 
prime over q"*". By [SI Theorem B] there exists a group Gi/Li such 
that: 

{anisotropic form z/|cxo 
split form = qi , 

Hi = ti 

where ti is the unique prime of Li over r+. Now put YYi=i R^^l /L+Gi = 
G+. 

The next step is to embed a"*" into a unitary representation of G^ . To 
this end we pick a quadratic extension L of such that the previously 
chosen isomorphisms extend to: 

{C z/|oo 
K{¥pr)®K{¥pr) z/ = q+. 
M v = x+ 

Observe that we demand the prime q+ to be split in L while r"*" may or 
may not be split, depending on whether M = M~^(BM~^ or not. We also 
choose a homomorphism t : M ^ Q"'^ (which in the M = M"*" © M"*"- 
case is not injective). Now let L' C Q"'^ be a Galois extension of L 
over which the base change G' = G^ X]^+ L' becomes split. In fact we 
could take for L' the field which trivializes the Gal(L"'^/L)-operation 
on $(T, G), the set of roots relative to some chosen maximal torus T C 
G = G^ X]^+L. This gives the crude estimate [L' : L] < Card(r), where 
r is the subgroup of elements in GLz(T*) which preserve $(T, G). 
Observe that the highest weights theory gives a natural L'-structure 
C on the representation G"''^ = G ®M,i QT- Regarding G' as a L- 
vector space gives us a [L' : L] — dimensional representation, say 
{B,p), of G. It is clear that there exists an embedding / : (C, cr) — t- 
{B M, p Xl M) of G Xl M- representations. 

Finally we wish to give p a pairing: Let Q be the L^-vector space 
of G^-equivariant sesquilinear forms on B. For each place z/|oo let 
Ql be the set of positive definite G^ x l+ L^-equivariant forms on 
®L+ B. This is a non-empty open set in Q, as is the 

subset Q°+ C (8>l+ <5 of forms for which there is an embedding 
/ : {G, a) ^ {B®lM,pxlM) with (/(x), f{y))B = {x, y)c- One sees 
easily that there exists an element of Q lying in all of these finitely 
many sets Q°. 

Now we can check that the unitary representation L © Lie G ® B thus 
obtained is a flexible one: Choose nontrivial unipotent elements Ui in 
the longest root-space of Gi{Li^.), and let m = mi . . . u„ G It 
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is then clear that (X.2) holds with a = max{ 1, 2}, moreover 

(X.l) follows from (Card(r) '^''"^+ ^ + dimH+ + 1) < ^. □ 
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